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Abstract
Filamentation in air is a phenomenon that has been extensively investigated for
the last two decades. At sufficiently high intensity, even air is a nonlinear medium.
These intensities are reached with ultrashort pulses (50 to 100 fs) of more than 1 J
energy, which self-focus in air, reach ionizing intensities of oxygen and nitrogen, creating a plasma that defocuses the beam. The air filament is a self-induced waveguide
resulting from a balance of focusing and defocusing. In this work new techniques were
developed to visualize and analyze this phenomenon through its emission, in particular the UV emission of the nitrogen cation. Contrary to popular belief, this emission
does not proceed to be instantaneous upon ionization of nitrogen, but is delayed by
tens of ps with respect to the ionizing/propagating short pulse. The time resolved
emission of the nitrogen cation is very complex and was analyzed through pumpprobe spectroscopy, the pump being the filamenting pulse at 800nm, and the probe
its second harmonic. It was found that the medium within the filament volume provided transient optical amplification at the wavelengths of the rotational-vibrational

v

lines of N+
2 . The temporal behavior of the gain itself is complex, since it repeats
itself at fixed time intervals (“revival times”). The wavelength of these lines is also
time dependent, because they are Stark shifted in the expanding plasma. This study
suggests that the filament creates a “laser in the sky”, which could be invaluable in
amplifying weak return signals in remote sensing.
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Chapter 1
Filamentation

1.1

Overview of the thesis

This thesis is a modest contribution to the decades of research on light filaments.
Light filaments is a complex topic as witnessed by the extensive literature on this
topic. Some of it is ”summarized” in a book to appear in December 2021 [6]. This
first chapter starts with a definition of filaments and a basic review of the physics
involved. This includes multiphoton ionization (or tunneling ionization), plasma
formation, emission for ions, nonlinear propagation leading to spatial solitons to
describe the beam profile. Special tools had to be developed such as the aerodynamic
window, a linear attenuator of 1:106 , pump probe spectroscopy with fs delay steps,
2 cm−1 spectral resolution and over a 320 cm−1 spectral span. These experimental
tools are the topic of Chapter 2. Even the emission of the positive nitrogen ions is
the object of controversy. It has been assumed as obvious that the emission would
start instantaneously with the formation of ions. It is shown in Chapter 3 that this
is not the case. For the N2+ bands at 391 nm and 428 nm, we measure a delay
of tens of picoseconds between the emission with respect to the excitation at 800

1

1.2. INTRODUCTION
nm. This suggests a complex interaction between light and matter. The plasma
properties such as lifetime, length and speed were also measured and confirmed that
the aerodynamic window is indeed a productive apparatus in the examination of
filaments. A short background on laser induced molecular revivals, which involves
periodic angular re-alignment between the nitrogen molecular axis and the electric
field of an ultra short pulse is introduced in Chapter 4.6.1. The radiation emitted
by a filament can originate from nitrogen, oxygen, nitrogen cations, oxygen cations,
and negative oxygen ions. The Chapter 5 reports on an experimental study of the
emission of the nitrogen cation N2+ . The spectrum of N2+ created by the 800 nm
pulse is probed at later times by 400 nm pulses. It is shown that the emission
around 391 nm and 428 nm is not spontaneous radiation, but amplification of the
broad featureless spectrum of the 400 nm probe. The gain mechanism is analyzed
through its complex time evolution (covering picoseconds to nanoseconds) of each line
of the rich vibro-rotational emission spectrum. The dynamics of the lines is further
complicated by Stark shift, a phenomenon that we were first to detect. A shift in
background on the revivals is interpreted as due to plasma defocusing affecting the
seed beam.

1.2

Introduction

There is current interest in ultrafast pulsed lasers with sufficient magnitude in power
to alter the medium through which it propagates, allowing self guiding and diffractionless propagation and a host of other effects. Table top terawatt lasers have made it
possible to study diverse nonlinear phenomenon ranging from self focusing, four wave
mixing and the observation optical solitons and filaments. Filamentation derives its
name from the very thin strands of white light generated from a plasma channel
that results from electrons that have been stripped from their constituent molecules.

2

1.2. INTRODUCTION
The laser induced plasma are confined to channels 500 µm and smaller propagating
many times longer than the Rayleigh range. This range is extended simplistically by
interplay between, self focusing driven by intensity dependent refractive index which
focuses the beam, and the multiphoton ionized electrons which defocus the beam.
The intensity within a single filament is changed by this process. In the case of 800
nm filaments, increasing the beam energy leads to the creation of other filaments each
carrying a few mJ of energy. Because of its high intensity, the filament loses energy to
nonlinear effects until the losses deplete the intensity to below 90 % of the clamping
intensity(intensity where no further effects occur). In the 1960’s, Akhmanov et al [7]
developed a working model to describe the departure of non-linear focusing from
that of geometric optics in solids that were being observed with the then available
intensities of newly developed Q-swtiching lasers. Their model first put forth the
concept of ”self-action” waveguiding that was a conglomerate balance of higher order defocusing, diffraction and self-focusing. 20 years later, Akhmanov et al. model
explained exactly what was being observed in cw filamentation in micro-emulsions
[8] of oil and water driven by an argon ion laser. Ten years further still, with air as
a non-linear medium, filaments were generated in atmosphere by ultra short pulses
lasers in the infrared (femtoseconds) [9] and ultra-violet (picoseconds) [10]. A score
of decades later, it is still a remarkably odious task to create and control filaments
let alone study them. To this day, it feels impossible to create repeatable data owing
to the destructive nature of filamentation. The ultra intensities damage optics and
instruments, and the task of simple observation is laborious due to the precipitous
nature of filaments, as they develop and disappear on times scales shorter than all
but the fastest detectors. This leads to a deficiency of unequivocal data so that the
theorists can derive working models owing to this ultra fast phenomena, leading to
many competing and labyrinthine theories of the filament dynamics. Early modeling
include “dispersion, nonlinear self-focusing, stimulated molecular Raman scattering,
multiphoton and tunneling ionization, energy depletion due to ionization, relativistic
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focusing, and ponderomotively excited plasma wakefields, and effects of molecular
orientation” [11]. Other models built up from Akhmanov et al. to include selfinducing waveguiding [12], or a moving focus model derived by Brodeur et al [13].
The latter model conflicted with experiments in [14] where the use of aerodynamic
window (later in this thesis) prepares the filament by focusing in a vacuum and propagating in air much to the agreement of [12]. It has also been shown that nonlinear
attenuation associated to multi-photon ionization causes self lensing to behave as an
axicon lens [15].

1.3

Background

1.3.1

Intensity Dependent Refractive Index

~ =E
~ 0 exp(−jωt) the χ term in appx. Eq. (B.10)can be written in terms
For a field E
of the index of refraction,
n = (1 + χ)1/2 .

(1.1)

Unless there is a break in symmetry in the material, the Eq. (B.11c) goes to zero,
and we are left with the first and third order of χ. Eq. (1.1) can then be written
n = (1 + χ(1) + χ(3) )1/2

(1.2)

which can be shown to be the intensity dependent index of refraction
~ 02 = n0 + n2 I
n = n0 + n2 E

(1.3)

also known as the optical Kerr effect where n0 is the linear refractive index and n2 I
is the intensity dependent refractive index. This is very interesting result because a
laser pulse with sufficient intensity will change the index of refraction of the material
it is traveling though. This will produce an index of refraction with a spatial profile
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~
E(r)

∆n(r)
Imax

∆nmax

(a)

(b)
Figure 1.1: Intensity refractive index

that matches the intensity profile of the incident beam. For example, a top-hat profile
beam will produce a corresponding top-hat profile in the index of refraction that
concentrates self focusing near the corners of the beam. If the beam has a Gaussian
profile, then this will produce a medium analogous to a gradient index lens. To
observe this effect, very large fields are required which implies that n2 << n0 [16,17].

1.3.2

Self Focusing

The Rayleigh length is the range between the minimum area of a laser beam and the
propagation distance to where the beam expands or diffracts to an area that is twice
the minimum cross section. If we operate under the assumption of Gaussian beam
optics, the function of the radius of a laser beam from the point of the minimum
cross section to some value z along the direction of propagation is
w(z) = w0

s

1+



z
zR

2

(1.4)

where w0 is the minimum cross section, or the beam waist and zR is the Raleigh
√
range. A factor of 2 increase in area corresponds to a factor of 2 increase in radius,
√
and solving for zR in Eq. (1.4) at z = 0 or (when w(z) = 2w0 ) as a function of
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wavelength yields
zR =

πw02
kw02
=
.
λ
2

(1.5)

Despite the fact that wavelength of light is dependent on Eq. (A.5) and (A.6)
nowhere in Eq. (1.5) is the requirement that diffraction depends on the presence of
matter. In fact, diffraction of a laser beam will occur in an absolute vacuum and
is proportional to the frequency, with blue light diffracts much greater than red. In
order for self focusing to occur, the intensity must be high enough so that Eq. (1.3)
counter acts diffraction. The incident power where self focusing cancels or overcomes
diffraction, or the critical power [18] occurs when
Pcrit =

3.77λ2
8πn0 n2

(1.6)

with Pcrit for a 800 nm center λ laser pulse in air is on the order of 2 or 3 GW [19,20].
For example, to exceed the critical power a 150 uJ pulse must be about 50 fs. Above
the critical power a self focusing beam will begin to collapse on itself. As a beam
begins to focus, the intensity is increased as the power per unit area increases and self
focusing is enhanced until other nonlinear effects counteract and compete against self
focusing. Self focusing will limit itself when the beam has collapsed to its smallest
size. This limit is related to the Rayleigh range ( since this is the minimum diameter
a beam will have) and in [18] the shift in distance from where the beam waist would
be located without self focusing to the self focusing location is given as
zsf = s

0.397
· zR .
1/2
2
Pincident
− 0.852 − 0.0219
Pcritical

(1.7)

Equation (1.7) behaves like a modification to the Rayleigh range by decreasing it
because it increases the divergence of the beam due to self focusing changing the
normal of the phase front. For example, if a lens with focal distance f is inserted into
beam and adding a second “lens” (self focusing) then the new focal length can be
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calculated with the use of the lens equation where zcf and zsf are critical focus and
self focusing and
1
1
1
= +
.
zcf
f
zsf

1.4

(1.8)

Plasma Generation

One consequence of the high intensity of the electric fields needed to exceed the
critical power is the generation of free electrons in a medium by ionization. Above
the critical power, other nonlinear effects such as photo-ionization or multi-photon
ionization (MPI) become prominent. In the case of tunneling ionization, the incident
field is of sufficient magnitude to distort the binding potential of an electron and
the nucleus. The distortion drastically reduces the potential energy of the electron
so that a freed electron leaves the nucleus with or without residual kinetic energy.
With the application of an electric field at the threshold of ionization, an electron
can be ionized at zero kinetic energy which is the heart of ZEKE ( zero kinetic
energy photoelectron) spectroscopy [21]. Instead of reducing the Coulomb potential
between the nucleus and the electron in order for tunneling to occur, MPI takes
place when the energy of a few photons exceed the potential well. The probability
for multiple photons to impinge on an electron simultaneously is proportional to the
energy density. In the case of diatomic nitrogen with an ionization energy of 15.6
eV, 11 photons at 800 nm (~ω ≈ 1.55eV ) are needed to ionize a molecule. Both of
these processes are described under the umbrella of photo-ionization since neither of
these processes are independent and happen concurrently, especially in intense laser
fields and is illustrated in Fig .1.2. If photo-ionization continues unabated (if there
is sufficient power to overcome any losses during self focusing) enough electrons are
generated and there is a region of plasma formed inside of a laser beam.
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(a)

(b)

Figure 1.2: Two mechanisms of ionization. Tunneling ionization in (a) and multi photon ( 4 photons in this case)
ionization in (b).

1.5

Plasma De-Focusing

The plasma generated from intense laser beams serves to counteract self focusing
and reduces the index of refraction. The change in the index of refraction according
to [22] is

n ≈ n0 −

ρ(~r, t)
,
2ρc

(1.9)

where

ρc =

ε0 me ω 2
,
e2

(1.10)

or the critical plasma density ( plasma is opaque ) and ρ(~r, t) is the density of free
electrons,me and e is the rest mass and charge of an electron respectively. Lowering
the index of refraction causes several things to happen at once. One aspect is it
increase the divergence of a beam, which behaves just like a negative lens. Since this
is a function of plasma density (which is a function of intensity) the leading edge
of a pulse will experience less divergence than the trailing beam which prevents the
beam from complete collapse from Kerr lensing.

8
1
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I(r)
Self Focusing

Defocusing

Geometric Focusing

Focusing

Filament

Defocusing

Geometric Focus

Z

Figure 1.3: Balance between Kerr lensing, and plasma defocusing. The intensity in a converging beam is large enough
to focus a beam before its geometric focus which in turn causes ionization and a plasma channel. This plasma channel
causes the beam to diverge and the process repeats.

1.5.1

Solitons

In the simplest models, the medium response is considered instantaneous. Neglecting
any dynamics, one can derive an equation leading to the transverse beam profile,
assuming steady state condition. Beginning with Maxwell’s equation,


n20 2
2
∆tr + ∂zz − 2 ∂tt Ee(iωt−kz) = µ0 ∂tt2 PN L
c

(1.11)

and observing
∂tt2 → −ω 2

(1.12)

the nonlinear polarization is independent of travel, or stationary,
∂tt2 PN L = −

ω 2 (3) 2
χ E E
c2

(1.13)

Neglecting other nonlinear effects, Eq. (1.11) shows that the polarization is dependent
on the Kerr effect. Assuming cylindrical symmetry allows for coordinate transformation and Eq. (1.11) becomes


1 2
ω2
2
2
−2ik∂z E + ∂rr E + ∂r E = − 2 χ(3) E E
r
c

(1.14)

rearranging terms
2ik∂z E =

2
E
∂rr

1 2
ω 2 (3) 2
+ ∂r E + 2 χ E E
r
c
91

(1.15)
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and introducing a plane wave solution
E = E0 e−iβz

(1.16)

and setting 2 scaling parameters
Radius : r0

(1.17a)

ElectricField : E0

(1.17b)

equal to the critical power so that PN L in Eq. (1.11) is equal to critical power
E02 r02 = PN L = criticalpower

(1.18)

yields the Townes soliton:
ks E =

1.5.2

d2 E 1 dE
2
+
+ E E
2
dr
r dr

(1.19)

Nonlinear Schrödinger Equation in 1d

The generation of filaments is done with a Kerr lens mode locked seed laser that
is amplified to greater than 1.21 gigawatts! which is discussed later. To reach the
power needed the pulse train generates femtosecond pulses by balancing the self phase
modulation n2 I (intensity dependent nonlinear refractive index) and the dispersion
in the cavity. The end result is a pulse spectrally broadened and group velocity
dispersion that causes the wings of the pulse to separate. Group velocity dispersion
and downchrip taylor series expansion about the wave vector
k (Ω) = kav0 +

0
kav

(Ω − ω) +

00 (Ω
kav

− ω)2
+ ...
2

(1.20)

The spectral field
Ee (Ω − ω) e−k(Ω)P

2
00 P (Ω−ω)
−ikav
2

≈Ee (Ω − ω) e

"

00
i (Ω − ω)2 kav
e
≈ E (Ω − ω) 1 −
P
2

10

#

(1.21)
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ignoring the constant phase and group delay terms. Taking the Fourier transform
the dispersion of the electric field per round trip then becomes


00
ikav
P ∂2 e
E (t)
1−
2 ∂t2

(1.22)

is modified each round trip as


2
n
ω
2
−ik
l
Ee
Ee (t) = e N L ≈ Ee (t) 1 − i l
c n0

(1.23)

Next the nonlinear index of refraction n = n0 + n2 I with a cavity of length l the field

and a safe assumption that the electric field is almost constant over an infinitesimal
distance
i

∂ Ee k 00 ∂ Ee2 ω n2 l e 2 e
=
+
E E
∂z
2 ∂t2
c n0 P

(1.24)

set normalization terms;
k = ω/c
p
τ0 = k 00 /k
p
E0 = (η0 ) / (n2 l)
e
u = E/E

the nonlinear Schrödinger equation becomes
i

1.5.3

∂u
1 ∂u2
+ |u|2 u
=
2
∂z
2 ∂t

(1.25)

IR Soliton

A solution to a 2nd order differential equation of the form Eq. (1.25) is the function
sech and by using the Townes soliton Eq. (1.16) such that
t
u = Asech e−iβz
τs

(1.26)
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and Eq. (1.25) becomes
t
βAsech e−iβz = A
τs


 2

t
1
t
3 t
−iβz 1
e
sech − sech
+ A3 sech3 e−iβz . (1.27)
τs
2
τs
τs
τs

The above can be cleaned considerable if the normalization factor τs = 1/A and a
correction of β = A2 /s is added to the wave vector then the first order soliton is:
u = Asech (At) e−iA

2 z/2

.

(1.28)

This requires the factor Aτs = 1 from the normilization term and the pulse area is
θs =

Z

∞

−∞

1
t
sech dt = π.
τs
τs

(1.29)

Not normalizing Eq. (1.24) and setting K equal to the ω term so that Eq. (1.24)
becomes
i

2
∂ Ee k 00 ∂ Ee2
e Ee
E
=
+
K
∂z
2 ∂t2

(1.30)

with the terms having the following units;
z=m
t=s
s2
m
m3
K=
.
V

k 00 =

Following the derivation from the preceding section the soliton of order 1 is
r
1
k 00
1
t
00
2
00
2
Ee =
sech e−ik z/(2ts ) = E0 sech e−ik z/(2ts )
(1.31)
τs K
τs
τs
with the substitution
r
k 00
.
E0 τ s =
K

(1.32)
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This leads to the ”π pulse” condition by integration of Eq. (1.31). The characteristic
distance,
zs =

π
KE02

(1.33)

is the phase shift of π/2 over this distance. This shows that the soliton arises from
the condition where the Kerr effect is exactly equal to the dispersion resulting in a
wave that maintains its shape as it propagates. A soliton may also vary in frequency
as it travels and this can be captured by


 

t − tc − k 00 ∆ωz
KE02
k 00 ∆ω 2
e
Es = E0 sech
exp i ∆ωt −
z−
z .
τs
2
2

1.5.4

(1.34)

Filaments of Different Wavelengths

As a high intensity beam above critical power starts to focus in the atmosphere, it
creates a low density plasma by multiphoton ionization. In the intense light field, the
photoelectrons will gain energy by inverse Bremsstrahlung [23]. The rate of energy
gain dW/dt depends on the optical frequency, being proportional to the square of the
wavelength. The accelerated electrons can collide with neutral molecules, thereby
increasing the plasma density by collisional ionization. This is the avalanche process leading to full ionization of the medium. The additional influx of electrons will
perturb the delicate balance between self-focusing and defocusing that leads to a
filament. A filament equilibrium between self-focusing and defocusing by photoionized electron before the electron density becomes dominated by collision ionization.
A characteristic parameter is the time required for the electron energy to reach the
ionization energy of oxygen. An estimate of the time scale for this process to occur
at 248 nm can be obtained as follows. The energy gain dE in a time interval dt due
to inverse Bremsstrahlung is [23]:
dE
2Ie2
=
νei ,
dt
0 cme ω 2

(1.35)
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where I is the beam intensity, ω is the laser frequency, me the electron mass and νei
is the electron ion collision frequency. The electron temperature (in eV) is plotted
as a function of time, when submitted to a constant laser field of 0.5 TW/cm2 , at
the wavelength of 266 nm. νei = 1.07 × 1011 s−1 .The time interval ∆t for which the
electron reaches the ionization energy Wi through inverse Bremsstrahlung is, from
Eq. (1.35):
∆t =

0 cme ω 2
Wi .
2Iνei e2

(1.36)

Since the ionization potential of oxygen is 12.2 eV, we estimate that the longest pulse
duration that can be used at 248 nm is 4 ns. This limit is three orders of magnitude
shorter in the infrared because the IR intensity is 2 orders of magnitude higher and
the wavelength a factor 3 longer.

1.5.5

UV Solitons

Section on UV solitons.


n20 2
2
∆tr + ∂zz − 2 ∂tt Ee(iωt−kz) = 0
c

(1.37)

∂tt2 → −ω 2

(1.38)

n = n0 + n2 I − ∆n

(1.39)

where δn is no due to the plasma diffraction


1
ω2
2
2
−2ik∂z Ee + ∂rr Ee + ∂r Ee = − 2 2n0 (n2 I − ∆n) Ee
r
c
1
ω2
2 e
2ik∂z Ee = ∂rr
E + ∂r2 Ee + 2 2n0 (n2 I − ∆n) Ee
r
c

Setting some normalization terms so that
r
n0
Es =
n2
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χ = kr

(1.43)

E = Es e−iβs z

(1.44)

2βs Es =

d2 Es
1 dEs
2
+ Es Es − f (Es ) Es
+
dχ2
χ dχ

(1.45)

Zhao et al. [10] fit a filament profile to the solution of Eq. (1.45) using
dNe
= N0 σ (3) I 3 − βe pNe2 − γNe
dt

(1.46)

with the values
σ (3) = 2.15x10−29 cm6 s1 J−3

(1.47a)

β = 1.3x10−14 m3 s−2

(1.47b)

γ = 1.5x108 s−2

(1.47c)
(1.47d)

Figure 1.4: Normalized Intensity vs radius with position µm and Power = 500 MW so that intensity is 13.8 x Pc r.
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1.6

Filament Propagation Models

There are several models that describe the propagation of filaments which have a
common characteristic. Each of the models depends on the critical power and the
Kerr effect at P > Pcrit . How each models differs depends on which point of view
an observer takes. In the case of a stationary observation, where the conglomerate
effects are observable, this is described by the moving focus or self guiding models.
Or the observer can ride along with the pulse and describe the moving focus model.
When considered in terms of Kerr lensing ( increase in refractive index) the
leading edge and the trailing edge of a pulse experiences different indices of refraction
since the leading edge increases δn for the trailing edge. If the intensity is allowed to
increase so that next higher order term in a Taylor series expansion of δn becomes
comparable to n2 . When these two effect balance each other ( sign of this term is
negative), we arrive at the simplest model [7].
This concept can be extended if self focusing constricts the beam until photoionization is allowed to become a competing process. The rate of multi-photon
ionization is proportional to the nth power of a pulse with n being the minimum
number of photons required to ionize a material [24]. The self guiding model [25] iterates between self focusing and plasma defocusing. Increasing the intensity through
self focusing increases the concentration of photons leading to larger rates of multiphoton ionization which generates a plasma and will cause δn to become negative.
This causes the beam to begin diverging and consequently the intensity lowers so
that the rate of plasma generation starts approaching zero. If there is enough residual intensity, the process can begin again with self focusing re-focusing the beam.
This is illustrated in Figure 1.3.
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r
r
r
z= ct

Figure 1.5: Illustration of the evolution of a spatial replenishing beam. The top shows the initial state leading to
defocusing in the middle. The bottom shows the nth iteration of focusing before termination.

1.6.1

Spatial Replenishment

Spatial replenishment is a dynamic simulation that models the evolution of filamentation. The cyclic focusing/defocusing introduced above is a simple overview and a
more complete theory was proposed by Mlejnek et al. [26–28]. Once a converging
beam reaches an intensity sufficient to generate a plasma, differing processes begin
to occur simultaneously resulting in the net effect of defocusing. The leading edge
of the pulse which generated the plasma, causes the trailing edge to defocus while
multi-photon absorption causes the leading edge to defocus. Before parasitic losses
terminate the filamentation cycle the energy in the expanding beam becomes a spatial reservoir of energy sufficient to cause self focusing. The numerical simulations
of this theory allow the exploration of filamentation in the part of the beam where
experiments cannot measure the beam directly.
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Figure 1.6: Illustration of the evolution of a spatial replenishing beam. The top shows the initial state leading to
defocusing in the middle. The bottom shows the nth iteration of focusing before termination.
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1.6.2

Moving Focus

Shen et al. proposed a moving focus model that is applied to filamentation [29].
Their theory treats the beam as a stratified object, where each longitudinal layer
has an independent geometric focus. Furthermore, as the beam propagates and
converges these strata for a chain of foci fueling the filament. It was never a complete
model as it ignored. There was difficulty in observing this experimentally because
a converging beam would generate filaments in the hottest part of the beam, and
before the geometric focus. Placing any instrument here would interfere with the
process, which led to the introduction of an aerodynamic window by [5] proved that
model was wrong and will be explored in 2.2.
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Chapter 2
Experimental Apparatus

2.1

Introduction

This chapter contains the major components used in this thesis. It begins with the
explanation of the aerodynamic window, an invaluable and unique device that forces
some stability on the chaotic formation of filaments. It is followed by a description of
the commercially available chirped pulse amplification system, the Coherent Hidra.
Next, a short description of the principles of the streak camera used extensively in
chapter 3. Finally, a section on the various spectrometers used in this thesis are
presented.

2.2

Aerodynamic Window

Owing to the peak power on the order of terawatts, it is next to impossible to
take an in situ measurement of a pulse’s characteristics near the focus of a beam.
A compounding factor is that filamentation is a nonlinear process that has some
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intrinsic statistical behavior on the initiation, length and number of filaments that
show up in the farfield of a beam that drifts position from shot to shot. A concise
walkthrough of the filament dynamics is along the lines of the following. A prepared
pulse is directed to the test area as a collimated beam, where it is focused. Sometime
during the convergence of the beam, at or above the ionization threshold of the test
medium one or more filaments can be generated. Other filaments are sometimes
generated after the initial group as long as there is sufficient energy and unoccupied
space. As the beam diverges with the intensity still above the ionization threshold a
region of space could be made available because the termination of an earlier, shorter
filament leading to more filaments. Elimination of any filaments in the converging

Figure 2.1: Computational Fluid Dynamics simulation of the pressure gradients in side the aerodynamic window.
Black line denotes beam path.

beam would greatly simplify experiments and lead to a general understanding of
filamentation and its associated phenomena. For lower intensity lasers, it is possible
to focus the beam in a vacuum chamber with an exit window which would remove any
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undo influence during the converging of the beam. This is not an ideal situation for
2 major reasons. First, the window and eventually the coating would most likely be
damaged due to peak intensities and coatings would probably make it prohibitively
expensive. Second, the nonlinearity of the glass will dwarf the effects in air and would
alter the characteristics of the beam and make free space focusing incomparable. The
solution would be to devise a system where air is the window between vacuum and
atmospheric pressure.
This exact solution was achieved by Diels et al. with the use of an aerodynamic
window [5]. The aerodynamic window is a bent converging-diverging nozzle also
known as a de Laval nozzle. Its shape is analogous to a pinched tube with an
asymmetric hourglass which is used extensively in rocket engines. At the top left
of Fig. 2.1the entrance to the window takes stagnant air flow and compresses it in
the throat of the converging diverging nozzle. Here pressure is converted to motion
as the compressed air accelerates through the throat. As the nozzle diverges the
compressed air expands accelerating to supersonic speeds. The supersonic speed
here is the crucial step. The shock wave of the supersonic flow can be thought of as
a standing compression wave and the curvature of the aerodynamic window forces
the air against the wall thereby forcing the pressure at that point to be in the realm
of an atmosphere. The compressed air would expand isentropically and compression
would occur on opposite side walls. The curvature serves another purpose on the
opposite side. It creates a rarefied region as the momentum of the air separates from
the wall and carries it out into the body of the tube. A vacuum chamber is attached
to the low pressure side (areas in dark blue see Fig.2.1) and evacuated. The system
can be thought of as a venturi pump.
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Filament
Vacuum Chamber
Lens
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window

Figure 2.2: Diagram of the experimental use of the aerodynamic window and a chirped pulse amplified (CPA)
femtosecond pulse train.

2.2.1

Grazing Incidence Plate

Now that it is possible to have a direct comparison between vacuum focusing and
focusing in air, ”It is therefore possible for the first time to distinguish between
phenomena resulting from the ”preparation phase” of filaments (self focusing of a
macroscopic beam in air) and the ”waveguiding phase” (dynamic balance between
focusing and defocusing) ” [5]. There is a similar problem as mentioned above with
inserting a window in the propagation path of the beam, that of attenuating the
power of the beam such that there is no damage to any equipment. Chalus et al.
placed a UV high reflecting mirror at grazing incidence to achieve an attenuation of
105 without damage to the mirror allowing the beam profile to be observed while
creating filaments with a UV laser [30].
A glaring issue arises by attenuating the beam in this fashion. Due to the high
peak intensities and large bandwidth in an ultra short pulse, it is very important to
consider the S and P components of the Fresnel coefficients vs the wavelength. The
table in 2.1 shows the transmission vs the wavelength.
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Table 2.1: Reproduced from [5] The theoretical transmission for 89 deg grazing incidence for s- and p- polarized light.

λ nm
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799

2.3

% Ts
0.000 228
0.000 211
0.000 195
0.000 181
0.000 169
0.000 157
0.000 147
0.000 137
0.000 129
0.000 121
0.000 113
0.000 107
0.000 101
0.000 095
0.000 09
0.000 086
0.000 081
0.000 077 5
0.000 074
0.000 07

% Tp

λ nm

14.327 976
13.433 172
12.545 672
11.689 771
10.882 014
10.132 33
9.445 485
8.822 507
8.261 913
7.760 668
7.314 895
6.920 375
6.572 87
6.268 338
6.003 05
5.773 655
5.577 21
0.411 182
5.273 442
5.162 253

800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819

% Ts
0.000 067
0.000 064
0.000 061
0.000 059
0.000 057
0.000 054
0.000 052
0.000 051
0.000 049
0.000 047
0.000 046
0.000 044
0.000 043
0.000 042
0.000 041
0.000 04
0.000 039
0.000 038
0.000 037
0.000 036

% Tp
5.076 257
5.014 465
4.976 25
4.961 35
4.969 877
5.002 339
5.059 672
5.143 288
5.255 144
5.397 834
5.574 713
5.790 063
6.049 313
6.359 335
6.728 845
7.168 937
7.693 832
8.3219
9.077 097
9.991 006

Chirped Pulse Amplification: Coherent Hidra

The laser system used in this thesis consists of several parts depending on the desired
maximum out put power. The system consists of three major components that start
with an seed pulse. The seed pulse is stretched in time, is feed into a regenerative
amplifier, which is pumped at 1 khz producing a train of 5 mj pulses at that repetition
rate. or can be further amplified still. The final amplifier stage takes the output from
the regenerative amplifier and folds the beam repeatedly through a pumped crystal
for the maximum output of 50 mj. The output from the regenerative amplifier or
the bow tie amplifier is directed through a temporal time compressor to achieve
femtosecond pulses. The components are described in detail below.
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Figure 2.3: Chirped pulse amplification diagram from [1]

2.3.1

Oscillator Seed

The seed pulse is derived from a cw pumped cavity that uses Kerr Lens mode locking
to create 20 femtosecond pulses at 80 Mhz. The system consists of a standard 5 watt
532 nm cw pump laser that is pumping a cavity with a Ti:sapphire crystal. The path
lengths for all colors of the oscillating modes are made to be identical with chirped
mirrors and a pair of glass wedges. This allows constructive interference to occur
and the pulse are created by beating of the oscillating modes.
Kerr lens mode locking is achieved by the change in the refractive index of the
pumped crystal. Assuming the cross-sectional intensity distribution of a laser beam
to be a Gaussian, the refractive index will vary across an active medium such that the
index will peak at the center and quickly reduce toward the edges of the beam. What
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is created is essentially a gradient index lens and the pump laser is ”self focused” as
it transits the crystal. Incidentally this can lead to catastrophic damage if the power
of the incident light is to powerful as it will focus the beam beyond the damage
threshold.
A free running seed laser will have cw and mode locking competing against each
other, sometimes both will operate simultaneously leading to instability and loss in
power of the desired mode. There are two ways to enforce mode locking, terminating
the cw operation by using either hard or soft apertures. A hard aperture inserts
a physical barrier so that the overall intensity of the cw mode is diminished and
allowing mode locked pulses to resonate in the cavity. Soft apertures utilize the
pump laser intensity in the laser crystal to cause pulses to diverge more than the
cw beam. THen the length of the cavity is changed so to the point of instability for
the cw mode. The extra divergence of the mode locked beam is corrected by folding
mirror and thus becomes the dominate mode.

2.3.2

Regenerative Amplifier

After the seed pulses are created, they are fed into a temporal stretcher. The pulses
are diffracted off of a grating and reflected back on itself in a quasi 4f system. The geometry creates a wavelength dependent path length causing the pulses to be stretched
a factor of 1000 or more in time. This is done to reduce the intensity and prevent
damage during amplification. The now stretched pulse is then directed into the
regenerative amplifier cavity.
The regen is pumped by 12 watt laser in a ”z” shaped cavity. At each end of
the cavity is a Pockels cell. The first Pockels cell is what picks off a single seed
pulse. The polarization is flipped so that it is transmitted through the crystal and
the non amplified pulses are left to reflect off of the crystal face. The seed pulse is
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then amplified by subsequent round trips until the gain is saturated and the second
pockels cell is then is activated to kick the now amplified pulse out.
As stated before the output can be used at this stage only needing to be compressed to reach the maximum power, the compressor will be discussed at the end
of the next section.

2.3.3

Amplifier

When full power is desired, the final amplifier stage is arranged in a bow tie configuration and passed through a crystal that has been pumped by a 10 hz 532nm laser.
Although the pulse train enters at 1 khz, only 1 out of 100 pulses are amplified.
After 4 passes the gain is saturated and the pulse then passes through a Galilean
telescope beam expander. The reason for the expansion is to cover the grating area
and to prevent damage, in this case the grating for the temporal compressor and
even the strecthed beam is still on the order of picoseconds and will create a plasma
should it become focused. The geometry is a different than the stretcher in this case
because the compressor is made so that the pulse width can be adjustable. This is
accomplished by a pair of grating whose distance is adjustable.

2.4

Streak Camera

The name streak camera is a slight misnomer. A typical camera will take a still
object and record its position or if it is moving the object may blur if the shutter is
not fast compared to the motion. This will record as a blur on the image detector.
A streak camera does not record images this way, but records with picosecond time
resolution. It is one of the only ways to observe ultrafast phenomena (see figure
2.4). The streak camera works similarly to a cathode ray tube where a stream
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Figure 2.4: From the Hamamatsu Guide to Streak Cameras. Light is diffracted from the slit,
then imaged onto a photocathode. The photocathode generates electrons that are then
accelerated and sent between a pair of electrodes that cause a delay between successive
electrons. These delay electrons are then amplified by a multichannel plate and used to
excite a phosphor screen where a regular ccd can image the electrophosphorescence.

of electrons are swept across the screen with a magnetic field. Light is imaged
onto a photocathode where the intensity of the incident light causes a proportional
amount of electrons to be ejected. These electrons are then accelerated and their
trajectory is deflected. The deflection due to a voltage sweep causes the electron to
hit a multichannel multiplier at a position proportional to the time of arrival of the
photons. On the multichannelplate the electrons are multiplied by several orders of
magnitude and collide with a phosphor screen. The phosphor screen then converts
the electrons back into light that is imaged onto a ccd. Based on the angle and time
of flight, the streak camera converts temporal light into a spatial dimension that can
be used to calculate the time evolution in the object plane.

2.5

Spectrometers

A short treatise on the spectrometers used in this thesis are in order and the rationale into using them. The major parts of a spectrometer are the entrance slit,
the diffraction grating and routing mirrors. At the most crucial component of the
spectrometer is the dispersive element which can either be a prism (a component of
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the DEMON spectrometer discussed below) and the diffraction grating. While an
important characteristic of the diffraction grating is the grating density (ften given in
lines/mm) the importance of the total number of illuminated groves or lines cannot
be understated. The grove density will determine the angular diffraction of incident light, while the number of illuminated groves will increase the contrast between
closely spaced wavelengths.
The aperture of the entrance slit (either fixed or adjustable) is selected so that
the diffraction from the slit illuminates the entire usable grating. It can be shown
that the intensity profile from a slit is the sinc:
2

sin β
.
I = I0
β

(2.1)

With beta a function of the slit width, wavelength and the angle from the centerline
maximum. Increasing the distance from the slit to the grating increases the separation between adjacent wavelengths and therefore increases the wavelength resolution.
The slit is chosen so that the diffraction from the maximum to the first minimum
when β is equal to π. When the entrance slit is decreased eventually the amount of
light that is allowed to pass will become so dim that the instrument will be unusable,
so the addition of converging mirror (lenses are avoided due to the chromatic nature
of the index of refraction) is needed.
With the addition of focusing mirror the typical spectrometer begins to take
shape. The diffracted light from the entrance slit is reflected so that the entire
grating is illuminated and a second mirror is used to focus onto a detector. If an exit
slit is used, then the spectrometer is used as a monochromator, or in the case used
in this thesis, a ccd is placed in the focal plane to be used as a spectrograph. As
the focal length of the mirrors is increased the resolution is inflated but the range
of detectable wavelengths are decreased as the diffraction become larger than the
detector. As such in order to measure a large bandwidth of light the ability to
resolve closely spaced lines becomes impossible. There are 2 quantities that can be
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confused when talking about resolution. There is the sharpness of the lines that
appear on the detector, which makes it possible to resolve closely spaced lines, and
the other is the dispersion in the detection plane which also indicates the ability to
resolve lines. This will be important below.
A few different types of spectrometers were used in this thesis, and depending on
which of the two types of experiments were carried out some were not used. Used
only in the pump probe experiments, a small usb fiber spectrometer from Ocean
Optics was used to obtain the molecular revival plots. This was chosen because the
bandwidth of the probe beam was on the order of 10 nm and it would shift ± 10 nm
and would walk off the ccd in a spectrometer that has higher resolution.
A plot of the span of the 3 spectrometers used in these experiments is shown in
Fig. 2.5 below. The highest resolution spectrometer that was used is LTB Lasertechnik Double Echelle Monochromator (DEMON) and is plotted in blue. It is a shame
that the range of the rotational lines span is larger than the detector on the spectrometer. The sharpness and the separation of the branch head lines might have
made some data analysis a little easier. It is was not able to simultaneously image

Normalized Arbitrary Units

the P and R branch lines and spans 1 nm , or about 65 cm−1 . The red lines are from
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Figure 2.5: Comparison of the spectral range of the spectrometers used in this thesis. The black and red lines use
the same CCD and have equivalent number of pixels.
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a Spex HR640 spectrometer of which 2 were used (although with different ccds) and
spans 20 nm. While this spectrometer has sharp lines as well, during some experiments it was looking like the lines were moving and it was not possible to measure

Normalized Arbitrary Units

how much because the ∆ wavelength per pixel was 7.8 pm.
·104
HR640
DEMON
HB1600

4
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0

25,540 25,550 25,560 25,570 25,580 25,590 25,600 25,610


Wavenumber cm−1

Figure 2.6: A view of Fig. 2.5 cropped to the range of the DEMON which shows only about 550 cm−1 or 1 nm

Taking spectra with the HR640 showed some unexpected behavior of the nitrogen
rotational lines such as saturation, broadening and self-absorption. The broadening
spanned several lines and in order to resolve some other issues, a spectrometer was
built from scratch using parts that were in the lab, and referred to as HB1600. The
HR640 uses 640 mm focal length mirrors and the HB1600 uses a 1600mm focal
length mirror. A grating was cannibalized from another spectrometer, and an image
intensifier was used to increase the dispersion on the ccd. The HR640 and the built
spectrometer used the same ccd and in the figure below the black and the red show
the difference in the field of view of both spectrometers. The wavelength per pixel
of the HB1600 is 1.8 pm and the even though the grating used is twice the grating
density at 3600 lines/mm the lines are not as sharp which is mostly due to the low
resolution of the image intensifier. This was an acceptable trade off.
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Chapter 3
Motion Picture of Filaments

3.1

Introduction

This chapter studies the plasma characteristics of a filament by using a streak camera,
a periscope and moving mirrors. The evolution of the plasma is recorded and then
stitched together in post-processing to arrive at a final movie and time evolution
of a filament. The uncertainty of the origin of the filament is eliminated by using
the aerodynamic window. Filtrs are used to observe the otion of different parts of
the spectrum. It is seen that the UV emission of the nitrogen cation lags behind the
Raleigh scattering of the 800nm filament pulse, indicating a delay between ionization
and emission.
The technique to visualize the propagation of filaments and the formation of
plasma presented here is derived from earlier work, where videos of repetitive events
at picosecond time resolution and megapixel spatial resolution have been recorded
using a scanning technique in combination with a streak camera detector [31]. In
the work present work, videos of the propagation of filaments and their accompanied
radiation in air are created in different wavelength regions. This technique is a
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promising tool for the study of fast dynamical radiating events.

3.2

Setup

Experimental setup. The camera system observes light emitted transversally
by the filaments; radiation composed of Rayleigh scattering at the filament wavelength,
but also fluorescence light at various wavelengths from the ions and molecules excited in
the wake of the filament. The slit of the streak camera selects the real image of a line
approximately parallel to the filament axis. The light is relayed by two large UV enhanced
aluminum mirrors, one of which can be rotated. The real image of the filament is moved
from shot to shot across the slit with the rotating mirror. The angle θ is scanned over 6
mrad in 200s or 1000s, time during which 200 or 1000 streak camera images are recorded.
Each frame contains the space time information along a line of the filament. An individual
streak camera image covers a single row of pixels. Images are continuously captured while
the field of view is scanned across the filament by rotating a relay mirror, at a slow enough
rate to ensure continuity in the transverse dimension. The individual images are then
computationally organized in two dimensional (y, z) pictures in successive time steps to
provide a video.
Figure 3.1:

The filaments are created by laser pulses from a “Coherent” oscillator-amplifier
Ti:Sapphire laser capable of producing 30 mJ pulses of 45 fs duration at 800 nm.
The experiments described below were performed at a pulse energy out of the laser-
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amplifier of 10 mJ, a pulse duration of 60 fs, a repetition rate of 10 Hz, and a beam
diameter of 20 mm. Only a single filament was observed under these conditions which
seem to be far above the commonly accepted “critical power” for self-focusing according to Marburger [32]. However, it should be noted that the expressions derived
by Marburger for the critical power and self-focusing length of a cw Gaussian beam
do not apply to fs pulses. Spatial measurements performed as function of laser energy have shown the beam approaching collimation in a non-monotonic manner [33].
Pulse compression and splitting [11,34,35] during the filamentation process result in
increased bandwidth, and a higher threshold for self-focusing [36] than that given by
the cw expression for critical power [32,37]. Recent work, in agreement with our own
observation, point to a poorly defined critical power between 13 and 20 GW [38].
Furthermore, the position and characteristics of the created filament depend strongly
on the spatial shape and intensity of the pulse, as well as the properties of the air it
is focused into. An unfocused beam in air produces the longest filament, but with
large shot to shot fluctuations in starting position. Using a 3 m focal distance lens,
the starting position of a filament is better defined at 280 ± 5 cm from the lens (the
± 5 cm uncertainty being attributed to the 5% intensity fluctuation of the source at
10 Hz). The 60 fs pulses used are close to bandwidth limited, as it is known that a
(negative) chirp can significantly delay the starting position of a filament [39]. For
a well defined and reproducible starting position (within 1 mm), we have the option
of focusing the pulses in a 3 m vacuum tube terminated by an aerodynamic window
to atmospheric pressure [14]. By focusing the beam in vacuum onto the transition
region the filament starting point is more accurately defined and nonlinear processes
that may take place during the focusing (preparation phase) are eliminated.
In the setup sketched in Fig. 3.1, the slit of a streak camera (Optronis SC-10) is
located at the image plane of the object (the filament). The light is relayed via a
periscope made of two large UV enhanced aluminum mirrors. In the arrangement of
the figure, the slit of the camera is parallel to the propagation axis z of the filament.
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Example of a streak camera image. The calibration spot on the top right is used
for jitter compensation. A portion of a filament is seen on the lower left.

Figure 3.2:

With the streak camera being triggered when the filamented pulse is in the field of
view of the camera, the frame displays light intensity versus time z (a line along the
filament). Each frame is a recording of the light collected along the slit, versus time.
A single streak camera image is shown in Fig. 3.2. Images are continuously captured
while the field of view is scanned along y by rotating a relay mirror, at a slow enough
rate to ensure continuity in the longitudinal dimension. The individual images are
then computationally organized by two dimensional (y, z) pictures in successive time
steps to provide a video.
Another option that has been used is to rotate the streak camera and the periscope
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by 90 degrees. In that arrangement, it is the cross-section of the filament (y) versus
time that is displayed at each frame, while the scanning is along the z direction.
Only the images recorded in the configuration of Fig. 3.1 will be presented here.
The observed radiation is emitted transversally by the filaments, and is composed of
Rayleigh scattering at the filament wavelength, but also fluorescence light at various
wavelengths from the ions and molecules excited in the wake of the filament.

3.3

Post processing

The scanning speed is adjusted such that the vertical field of view is scanned over 200
seconds, and one streak image of a filament is captured every second to generate a
set of 200 images, each associated with a different horizontal line in the video. These
images are then stitched to generate frames of a video. To calibrate the resolution
of the reconstructed images and verify image quality, we capture and reconstruct a
video of a ruler illuminated by continuous white light. A frame of the video is shown
in Fig. 3.3.
In order to increase the signals on images of weaker radiations, like the case of
filaments in air with loose focusing, the camera gain is set to its maximum value.
The signal is further increased by lowering the scanning speed by a factor of 5, and
capturing 1000 streak images to cover the same field of view. 200 input images
are then generated by averaging 5 consecutive streak image, and computationally
organized to create the movie. At high gain the streak tube detects individual
photons. In order to reduce the camera noise, a threshold is set to remove the
background noise related to the phosphor and readout camera. This acquisition mode
is similar to photon counting with the difference that each photon is not detected as
a single data point, but is spread on several adjacent points of the sensor.
To improve the contrast of the videos, the logarithm of the intensity is displayed.
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Frame from a reconstructed video of a calibration target using white light illumination. The top shows a horizontally placed ruler. In the bottom image, the same ruler is
placed vertically using the same streak camera slit and mirror scanning speed as used in
the videos in Figs. 3.4 through 3.8.
Figure 3.3:

Further visual improvement can be achieved by convolving each frame with a 2D
Gaussian, resulting in a blurring of the video.
We can add a fourth dimension to the movie by selecting the wavelength of
observation. The whole dynamics surrounding space time evolution of the filament
can be dissected by this technique.
It should be noted that in general, the realistic capture of the events at a location
depends on the travel time to the camera. If not corrected it could lead to events
occurring in different orders in the video from the scene. For the present fixed field
view and comparative studies, this effect does not play a role.

3.3.1

Time jitter elimination

In order to take advantage of the picosecond resolution of the streak camera in
image reconstruction, the frames have to be synchronized accurately. There is 60
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nanosecond delay between trigger and sweep of the streak camera. Therefore one
can not use the same laser pulse to trigger the camera for the same frame. The
streak camera is triggered electronically through the master clock of the laser system,
thereby inheriting a 2ns jitter of the laser electronics. The accuracy of optical timing
is transferred to each image by using a reference optical beam. A reference optical
beam is selected from the same pulse that creates the filament and sent through
a fixed path directly to the camera. The path of the reference beam is such as
to illuminate always a point of the photocathode in the time frame of the camera
streak, providing a temporal reference for every streak camera image. Since each
filament is a single shot study, the optical reference provides the timing of the event,
and absolute timing is not needed. Mechanical and electronic jitter between frames
are corrected by using the timing of the reference pulse in the reconstruction code.
Successive (y, z) frames are stitched together with the accuracy of the streak camera.
The reference beam can not be used with closed commercial camera objectives. In
those images the optical reference in the frame is a reflection of a fixed element in
the imaging scene.

3.4
3.4.1

Results
Focusing in air

A first movie was produced by focusing the beam in air with a short focal length (60
cm), making a visible plasma appear at the onset of the filament. Supplementary
video 1 shows the spatio-temporal evolution of this radiation. Selected frames from
the video (10 frames interval ≈ 30 ps) are shown in Fig. 3.4. A white line has been
superimposed on the sequence to indicate the speed of light.
The bright plasma that is created in the first frames seems to divide into two
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Filament of a 800nm pulse using a short focal length with unfiltered detection.
The number on the left indicates the frame number. Each frame is separated by 3 ps, and
has a height of 5 mm.
Figure 3.4:

entities (frame 431 in Fig. 3.4). The faster portion follows the speed of light, while
the slower one that has stronger radiation stays in position. This fixed plasma at
the focal spot appears equally bright with a 391 nm interference filter, indicating
emission from the N+
2 ion. The emission moving at the speed of light is barely distinguishable with a 391 nm filter, and cannot be seen with a 800 nm filter. Since
it can therefore not be the Rayleigh scattering of the pulse, it is most likely due to
scattered radiation of the supercontinuum that is clearly visible after the filament.
The last frame (Nb 501) taken 360 ps after the first one in Fig. 3.4 shows that the
fixed plasma is long lived. This long lived plasma is consistent with various measurements of the lifetime of filament induced plasma. These measurements range from
resistivity measurements (3 ns rise and fall time [40], or 5.5 ns from ref. [41]) to measurements of fluorescence (10 ns FWHM of the integrated fluorescence intensity [42])
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to measurements of microwave absorption (fall time < 3 ns from ref. [43]).
Using a short focal length (Fig. 3.4) the start of the filament is clearly marked
by a bright plasma emission. For longer focal lengths, however it becomes harder to
identify a clear starting position of the filament. For practical reasons, the streak
camera and imaging lenses in our setup are fixed in the laboratory frame. In order
to capture the effect of the focusing on the plasma, the focusing lens for laser pulses
are translated along the light propagation direction. Various plasma channels can
be observed.
A focus cannot always be assumed to be the starting point of a filament. Each
focusing geometry needs to be imaged carefully with the plasma radiation along
propagation..
Tight focusing creates a brighter plasma and a shorter filament. Filaments are
typically launched with lenses of longer focal length, about 3 m with their intensity
“clamped” at 3 · 1013 W/cm2 . One such typical filaments is presented in Fig. 3.5 for
focusing in air. The intensity averaged in a 50 pixel by 50 pixel around the middle
of the filamentation region [corresponding to the position z = 2 cm in Fig. 3.5 (a)]
was selected to generate a plot of radiated intensity versus time [Fig. 3.5 (b)]. It
shows a plasma risetime of 90 ps and a fall time of 200 ps. A recent streak camera
measurement of the plasma emission of a bunch of 10 filaments show a similar rise and
decay [44]. However, it will be shown in the next section that these measurements
are limited by the jitter in the starting point of the filament prepared in air.

3.4.2

Focusing in vacuum

The length of the trace representing the plasma in Fig. 3.5 may not be representative
of the true plasma length if there is a jitter in the starting point of the filament
(along z). To ensure that the starting point of filaments in air is repeatable, the
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(a) Filament of a 800nm pulse using long focal length in air with unfiltered
detection. Frames are separated by 2.88 ps. Selected frames are shown between frame 1 to
100. For later frames an average over 100 frames is shown to reduce noise. (b) Intensity of
the radiation versus time. The intensity is averaged over 50x50 pixels around the position
z = 2 cm.

Figure 3.5:

pulses are focused in vacuum onto the 2 mm transition region vacuum-atmosphere
of an aerodynamic window [5]. In this configuration the filament is created at the
exit of the window in atmospheric air. Using this method the shot to shot generation
of plasma and filament is well aligned in the three dimensional space. A filament
created in this fashion is shown in supplementary video 2. Selected frames are shown
in Fig. 3.6 (a). The emission is indeed shorter (along z) and brighter. The plasma
emission is plotted in Fig. 3.6 (b). The reduced jitter enables a much better resolution
of the 40 ps rise time and 230 ps fall time (both times being measured from 10% to
90%).
The transverse dimension of the plasma appears to be smaller, that could also
be due to the spacial stability of shot to shot images when the light is prepared in
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vacuum.

Filament of a 800nm pulse with unfiltered detection, focused with 3 meter focal
length lens in vacuum through an aerodynamic window. Selected frames are presented
from frame 1 to 100. For longer times an average over 100 frames is shown to reduce noise.
(b) Intensity of the radiation versus time. The intensity is averaged over 50x50 pixels
around the position z = 2 cm.
Figure 3.6:

A 4th dimension that can be acquired is the wavelength. By placing filters in
front of the streak camera, the Rayleigh scattering at 800 nm can be separated from
the broadband plasma emission at shorter wavelengths. Supplementary video 3 and
Fig. 3.7 (a) show the filament seen through a narrow bandpass filter at 800 nm.
With 800 nm filter no long lived radiation is observed. The delay between 800 nm
Rayleigh scattering of the pulse and some plasma radiation (not identified) can be
clearly seen in the time scan in Fig. 3.7 (b) can be deduced. Supplementary video
4 and Fig. 3.7 (c) show the radiation at shorter wavelengths than 800 nm, with
bandpass filter between 300 nm and 700 nm. We identify the first peak as being the
Rayleigh scattering, as confirmed by the measurement presented in the next section
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Filament of a 800 nm pulse filtered using an aerodynamic window using a with 3
meter focal length lens with filtered detection. Top: (a and b) detection at 800nm, bottom:
(c and d) detection 300 nm to 700 nm. Selected frames are shown from frame 1 to 100.
For later frames an average over 100 frames is shown to reduce noise. One distinguishes in
the temporal scan (b) the Rayleigh scattering peak, followed by fluorescence radiation.
Figure 3.7:

with enhanced Rayleigh scattering. We interpret the Figs. 3.7 as follows. Following
ionization by the filamented pulse, collision between nitrogen molecules and ions
+
+
+
lead to the formation of N+
4 : N2 + N2 ⇒ N4 . The N4 upon collision with electrons
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Figure 3.8: Portion of the filament propagating through dense water vapor. Rayleigh scattering is increased due to micron sized water droplets.

produces neutral nitrogen in the C3 Πu state fluorescing at 337.1, 357.7 and 380.5
3
nm [45] N+
4 + e ⇒ N2 (C Πu ) + N2 . We measure a decay time of approximately 70 ps,

in agreement with the decay time measured by Xu et al [46]. The delay between the
two peaks of Fig. 3.6 and Figs. 3.7 is only at most 80 ps, less than the 130 ps cited
for the collision time of nitrogen in ref. [46]. However, these are only preliminary
data to demonstrate the potential of the technique. More tests need to be done to
with narrow bandpass filters, longer integration times, are required to isolate and
identify the ionic radiation lines (e.g. 391 nm), molecular lines (e.g. 337 nm) and
the 428nm lasing line that has been observed in filaments.
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3.4.3

Enhancing the Rayleigh scattering with aerosols

To enhance the image brightness we use a method to create water droplets for increased scattering. The aerosols are blown through the camera field of view along
the path of the filament in the opposite direction of the propagation of the pulse.
Aerosols have their own (slow) nonlinearity as they migrate towards the center of a
beam, a nonlinearity that has made it possible to observe filamentation in liquids
with mW cw powers [8]. It has been reported that aerosols ( about 15 µm radius)
influence the collapse position of the filament [47]. This should not be a factor in the
present experiment, since the filaments were prepared in vacuum, and the aerosols
stop at the vacuum-air boundary. It is known that large water droplets can interrupt
filamentation, which then is recreated from the surrounding filament reservoir [48].
This is however a major perturbation of the filaments itself, and defeats the purpose
of observing an unperturbed filament. Attempts with different sources of aerosols
(for instance ultrasound fog generators) failed because of the bright plasma generated
by the droplets [49]. Large droplets create also enhanced scattering through optical (whispering gallery modes) resonances [50]. The solution chosen is to produce
droplets of 1 to 5 µm diameter with a nebulizer (mist generator based on Bernoulli
principle). These droplets were sufficiently small as not to create any visible plasma
or local illumination. A video of such a filament is shown in supplementary video 5.
Selected frames from the video are shown in Fig. 3.8 (a). The video shows a short
lived pulse propagating from left to right which we interpret as Rayleigh scattering
from the laser pulse, followed by some plasma emission from the water droplets. The
observed peak has a FWHM of 85 ps [Fig. 3.8 (b)].
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3.5

Conclusion

We present a technique to image plasma and Rayleigh radiation of ultrashort pulses
propagating in air using streak camera. In this method the events in a large propagation region (10 cm by 1 cm) are captured with the resolution set by the streak
camera. The field of view can be increased by geometrical imaging. Each frame of
image is an integrated 2D image of projected radiation and can be converted to a 3D
image in space using Abel’s transforms using cylindrical symmetry. Another dimension to the image is wavelength selection, motivated by spectroscopic applications.
Filters at the various emission lines of the ions will enable us to follow the dynamics
of the multiphoton ionization, dissociation, excitation decay and fluorescence, and
the evolution of the plasma in an applied electric field.
We have visualized the change in plasma properties, such as length, speed and life
time in various focusing geometries. These are preliminary results, that demonstrate
the potential of the method. These measurements confirm also that the aerodynamic
window provides very reproducible filaments with well defined starting point, and is
therefore a very valuable tool in the study of filamentation.
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Chapter 4
Molecular Dynamics

4.1

Introduction

If someone wanted to measure the energy of a molecule as it travels in a vacuum absent of all fields, what are the sources of energy? In quantum or classical mechanics,
energy will either be potential or kinetic and are summed in the Hamiltonian. The
quantized energy levels of the diatomic molecules are reviewed as described in Chapter 5. The level structure of the nitrogen molecule and ion is presented, with the contribution of electronic levels, vibrational bands and rotational levels. The molecules
will tend to align under influence of linearly polarized optical field. Because of the
quantized rotation levels, the alignment is periodic (revivals), a phenomenon that
will have an important role in the experimental observations of Chapter 5.
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4.2

Hamiltonian

Now consider what types of interactions can contribute to the Hamiltonian. Magnetic
fields from thermal motions of electrons and atoms, repulsion, attraction etc, so many
in fact, that the Hamiltonian can have an astounding thirty-two terms [51]. And
much to the relief of this student, most terms are a tiny fraction of the total energy
and can be neglected. The dominant components result in what is sometimes called
molecular Hamiltonian comprises 5 terms [52],
H = Tn + Te + Ven + Vee + Vnn .

(4.1)

The kinetic energies of the nucleus and electrons, the potential energies for electronic
attraction to the nuclei, electronic repulsion and the repulsion of the nuclear atoms.
Since the potential energy of an electron is dependent on nuclear geometry any change
in position between the nuclei from thermal motion or collisions changes the potential
energy of the electrons. This makes Eq. (4.1) very difficult to solve analytically and
an approximation is required.
The most widely used form for Eq. (4.1) is the Born-Oppenheimer (BO) approximation. The BO approximation takes advantage of the huge weight and speed
discrepancy between the electrons and the nucleus and it assumes the electrons adjust instantaneously to changes in nuclear geometry. In other words, the motions of
electrons and the nucleus can be considered separately and for a specific geometry
of the nuclei Te , Tn , Vee and Vnn in Eq. (4.1) are constant. Separating Eq. (4.1) into
nuclear and electron components,
H = Hnucleus + Helectron .

(4.2)

This energy is at a minimum at the equilibrium potential energy by considering the
nuclear separation fixed and setting Hnucleus to zero. The energy He , which is a
function of the size of the individual nuclei and of the bond length determine the
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Coulombic potential of the ground state electrons through attractive and repulsive
forces. In general the Hamiltonian of a molecular system is equal to the energy,
Hψ = Eψ =

p̂2
1
+ mω 2 x̂
2m 2

(4.3)

r

k
. So, for any particular geometry of the nucleus the energy of the
m
electrons is changed by displacement of the nuclei, Hν and Hr by stretching the

with ω =

bond, or rotate the molecule about the center of mass. The total energy, neglecting
the translational kinetic energy,
H = He + Hν + Hr = Ee + Eν + Er

(4.4)

and is usually given or calculated in spectroscopic terms in units of cm−1 as
H = Te + G + F,

(4.5)

where G is the vibrational energy and F is the rotational energy which is discussed
below. Spectroscopic convention is to denote ∆E as a transition between energy
levels as the upper state minus the lower state [53, 54]. It is also convention to use
a single prime (0 ) to signify the upper state and a double primed (00 ) for the lower
state irrespective of absorption or emission [53, 54]. Thus, the transition frequency
∆E = ∆Te + ∆G + ∆F = [Te0 − Te00 ] + [G0 − G00 ] + [F 0 − F 00 ]

(4.6)

and for a given electronic transition ∆Te is constant.

4.3

Electronic Energy Levels

Diatomic Molecules, unlike atoms that possess spherical symmetry, have cylindrical
symmetry and therefore a defined orientation. To distinguish the change in coordinates many atomic symbols are changed, and new terms are required with the
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additional atom. The nuclear rotational axis, R is perpendicular to the internuclear
axis which is along the bond between the nuclei. The electron angular momentum L
and total angular momentum J in atoms are projected on to the internuclear axis of
a diatomic molecule with their quantum numbers changed to Λ and Ω to distinguish
them. Also, J is changed to Λ so too are the atomic orbitals (S,P,D,F) described
analogously by molecular orbits (Σ, Π, ∆, Φ with integer values 0,1,2,3,4). Also, electronic spin S = 1/2 is given the quantum number Σ. Atoms possess nuclear spin and
in molecules the additional atomic spin I = 1 will either be parallel or antiparallel.
Coupling of angular momentum can be very large because the complexity of the
coupling between atomic spins, the spins of unpaired electrons and the rotation of
the nucleus. The total angular momentum Ω ≡ |Σ + Λ| will have Σ = 2S + 1 values
according to electronic spin multiplicity. The multiplicity term gives rise to singlets
and triplets when with even number of electrons and to doublets and quartet states
for odd number of electrons. Also, the degree at which the electron motion S couples
to the internuclear axis when the molecule rotates about R is categorized by Hund’s
cases. Hund’s case “a” which results in S coupling strongly and Hund’s case “b”
which is coupled weakly or not at all. The values for the quantum numbers are
combined to give the molecular term symbol,
2S+1

Λ+or−
.
Ω

(4.7)

In Hund’s case “b” the direction of Ω [55] is undefined but the magnitude is used in
the term symbol. Also in the case of homo-nuclear diatomic molecules, Ω is replaced
by g or u for even or odd values. The final term symbol which is a description of the
final configuration ends up with a unique minimum energy Te .
Armed with all the typical spectroscopic notation, individual states are given
unique designation. Electronic configurations The ground state is denoted X and
states with the same multiplicity is labeled with a capital letter from lowest to
highest A,B,C etc. If there is a change in spin multiplicity then the labeling changes
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case to a,b,c etc.

4.4

Vibrational Energy Levels

The lowest energy of a particular state defines the equilibrium bond length between
the nuclei. Energy added by either forcing the atoms closer together or with an
abundance of thermal energy can cause the molecule to expand. When the nuclear
bond is modeled as a simple harmonic oscillator, vibrational energy is given by,


1
~ω
+ ~ων = ~ω ν +
(4.8)
Evib =
2
2
where ν = 0, 1, 2, · · · with each unit of ~ω exciting the molecule into the next higher
vibrational level. Plotting each vibrational energy level vs the associated bond length
would trace out a parabolic energy potential. The behavior of an actual bond is
much more complicated, which is modeled more accurately by the Morse potential,
resulting in an anharmonic oscillator. Energy levels determined experimentally are
fit using a power series expansion,

2

3


1
1
1
+ ωe ye ν +
+ ···
− ωe xe ν +
G (ν) = ωe ν +
2
2
2

(4.9)

with the constants ωe , ωe xe , ωe ye determined for each electronic energy level.

4.5

Rotational Energy Levels

There are two models that describes the energy of diatomic molecule as it rotates
along the internuclear axis. These models depend on the bond strength between
the atoms in the nucleus and the bond’s tendency to length as the centrifugal forces
increase. First, at low rotational speeds or for strong bonds that resist stretching at
higher angular momentum have equally spaced energy levels and are described with
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the rigid rotor. Secondly, as the angular momentum increases the atomic bond no
longer stretches linearly, and is described by the non-rigid rotor model. Consider 2
point masses separated by a distance re rigidly attached to each other. The center
of mass is at
C=

(m1~r1 + m2~r2 )
m1 + m2

(4.10)

with re = |~r1 + ~r2 | and is the equilibrium separation of the atomic nuclei. These
point masses rotate around C, with a combined inertia
I = Σmi~ri2 = µr re2

(4.11)

where
µr =

m1 m2
m1 + m2

(4.12)

is known as the reduced mass and the entire unit can be considered a single point
mass.
Changes in rotational energy are discrete, meaning that angular momentum is
quantized. Using the inertial value with the reduced mass and substituting into
Eq. (4.3)
1 2
1
Erot = Iωrot
(Iωrot )2 .
=
2
2I

(4.13)

Setting
Iωrot =

hp
J(J + 1)
2π

(4.14)

and substituting back into Eq. (4.13) and dividing by hc
Erot
h
= 2 J (J + 1) = Bν J (J + 1) ,
hc
8π cI

(4.15)

where Bν is the rotational constant of a particular vibrational energy levels. By
convention the rotational energy is given in units of wavenumbers or cm−1 and
Erot
= F (J) , cm−1 .
hc

(4.16)
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Values for Bν are experimentally derived for many vibrational levels and states by
measuring the absorption or emission spectra. After a series of spectra are measured
and Bν values for several vibrational levels are obtained they are fit to the equation,
Bν = Be − αe



1
ν+
2




2
3

1
1
+ γe ν +
+ δe ν +
+ ··· ,
2
2

(4.17)

where the constants Be , αe , γe , δe , · · · are unique to each molecular state. The equih
which is determined spectroscopically
librium rotational constant, Be =
2
8π cµr re2
and also yields the internuclear separation.

4.5.1

Rigid Rotator
(a)

(b)

Center of mass

Center of mass

ω2
ω1
M1

ω2
ω1

M2
r1

M1

r2

M2
r1

r2

For the rigid rotor in (a), increasing the angular momentum (ω2 > ω1 ) does not
change the atomic distance. Increasing the angular momentum for the non-rigid rotor in (b)
causes the bond to stretch thereby increasing the atomic separation leading to centrifugal
distortion.

Figure 4.1:

In the simplest case, the rigid rotor can be thought as a dumbbell rotating about
its center of mass with its moment of inertia vibrational level dependent. The rotational energy for a rigid rotor,
Fν (J) = Bν J (J + 1)

(4.18)
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and during transitions selection rules dictate that ∆J = J 0 − J 00 = ±1 when ∆Λ = 0
or ∆J = 0 when ∆Λ 6= 0. Taking ν0 = [G(ν 0 ) − G(ν 00 )] + [Te0 − Te00 ]

ν = ν0 + Fν0 (J 0 ) − Fν0 (J 00 ) = ν0 + Bν0 J 0 (J 0 + 1) − Bν00 J 00 (J 00 + 1) .

(4.19)

Using the selection rules ∆J = ±1 or 0 three bands of lines emerge, each denoted as
a branch where

P Branch : ν = ν0 + Fν0 (J 00 − 1) − Fν0 (J 00 ) with J 0 = J 00 − 1

(4.20a)

R Branch : ν = ν0 + Fν0 (J 00 + 1) − Fν0 (J 00 ) with J 0 = J 00 + 1

(4.20b)

Q Branch : ν = ν0 + Fν0 (J 00 − 1) − Fν0 (J 00 ) with J 0 = J 00 .

(4.20c)
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8
7

J0

6
5
4

R(0)
R(1)
R(2)
R(3)
R(4)
R(5)

Q(6)

ν0

Q(0)

P(6)
P(5)
P(4)
P(3)
P(2)
P(1)

3
2
0

8
7

J 00

6
5
4
3
2
0

An example of how the rotation energy are combined and related to the corresponding J’s. The vibrational level ν0 is shown to denote the family of lines. For diatomic
molecules the Q branch is dipole forbidden but is shown here for completeness

Figure 4.2:
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Now that transitions are written in terms of the lower state J 00 it’s now possible
to drop the primes to label rotational lines in terms of J. In the case where ∆Λ = 0
then ∆J = 0 is forbidden and there will only be 2 branches of lines P and R with
the Q branch missing. Also, only positive inter values of J are allowed which results
in the first line of the P branch labeling to start at J = 1 because J 00 = 0 results in
J 00 = −1 which is not possible. Finally, in the case where ∆J = 0 is forbidden and
the Q branch is missing, the origin of the P and R branch begins at ν0 which happens
to be where the Q branch would have started had the transition been allowed.

4.5.2

Non-Rigid Rotator

The rigid rotator model is a good approximation for low rotational energy levels for
molecules with strong atomic bonds and for light atoms. In any case, using a Taylor
series expansion, the rigid rotor approximation is extended to correct the anharmonicity in the energy progression in actual molecular systems. Adding additional
terms to Eq. (4.18)
Fν (J) = Bν J (J + 1) − Dν J 2 (J + 1)2 + Hν J 3 (J + 1)3 + · · ·

(4.21)

where Dν and Hν is sometime determined experimentally, or fit to a particular vibrational level. As in the case of Eq. (4.17), the Dν and Hν values are sometimes
published in literature in terms of an equilibrium constant and expansion terms( that
are vibrational dependent),


2

3

1
1
1
+ γe ν +
+ δe ν +
+ ···
Bν = Be − αe ν +
2
2
2


1
Dν = De − βe ν +
+ ···
2
Hν = He − · · · .

(4.22a)
(4.22b)
(4.22c)

The introduction of the corrective terms in Dν and Hν ( centrifugal distortion )
account for the anharmonicity of electronic potential wells of the molecule. This
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anharmonicity arises most often when centrifugal forces causes rotational levels to
shift from those predicted by the rigid rotator model which is illustrated in Fig. 4.1.
Recall the energy of a state given by Eq. (4.5). The full expression for the
energy of a state which encompasses the minimum electron configuration energy
Te , the vibrational and rotational energy of molecule, sometimes referred to as the
ro-vibrational energy,


2

3

1
1
1
− ωe xe ν +
+ ω e ye ν +
+···
T = Te + G(ν) + Bν (J) = ωe ν +
2
2
2

+ Bν J (J + 1) − Dν J 2 (J + 1)2 + Hν J 3 (J + 1)3 + · · · .

(4.23)

A simulation using the spectroscopic software PGOPHER [56] of the B-X transition
of N2+ is shown below. The alternation of the intensity of the spectral lines is due
to the interplay between a couple of things. First the parallel/anti-parallelism of
the spins of the atomic nuclei, and the polarity of an orbitals shape in relation to
the molecular axis. According to [55], selection rules forbidding symmetric to antisymmetric or vice versa are relaxed and such combination do occur, but with differing
statistical weights. For nitrogen atoms with spins of one, the alternating intensity
has a ration of 2:1 which is shown in the simulation while the envelope of the peak
intensities follows some thermal distribution.

4.6

Molecular Revivals and Alignment

In the previous chapter, filamentation was introduced in terms of effects of the propagation medium without discussing the driving mechanism. In terms of wattage (
energy per unit time ), decreasing the time during energy delivery can substantially
increase peak power. With laser pulses shrinking into the femtosecond time frame,
peak powers of terawatts are easily achieved with energies of only a few millijoules.
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1
N2+ Spectrum Simulation
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Figure 4.3: Simulation of the rotational spectrum of the molecular nitrogen cation. The red
line is the band origin or the zeroth vibrational (∆J = 0) energy level which is forbidden.
The lower energy of the P branch on the left side of the red line forming the “branch head”
has a much different shape because of the quadratic behavior of ∆J and Bν0 > Bν00 . If
Bν0 < Bν00 then the branch head would be in the R branch and would mirror this spectrum.

In essence, the shorter the pulse, the greater the peak power for a fixed energy. But
simply going to shorter and shorter pulses introduces a question, what happens when
the pulse is longer or shorter than the period of rotation of a molecule?
First consider a classic plane wave propagating along the azimuth ẑ direction
e and frequency ω,
with a time varying electric field with complex amplitude E
i(ωt−kz)
e
~ z) = 1 E(t)e
E(t,
+ c.c.
2

(4.24)

can be decomposed into its x and y components with an arbitrary elliptical polarization
~ z) = E(x, y) [x̂ cos (ωt − kz) − i ŷ sin (ωt − kz + φ)] .
E(t,

(4.25)

The function E(x,y) gives the amplitude for the x-y components and the phase factor
φ describes the degree that one wave lags the other. For linear polarization, one
component of E(x, y) is zero, for circular polarization Ex = Ey with φ = π2 .
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As this plane wave travels through a medium, one interaction with matter occurs
in the following way. The electric field will cause the rearrangement of a molecules’
charge distribution and this concept is important in two ways. First, the much higher
mobility of the electrons compared to the nucleus due to the orders of magnitude
scale in the difference of mass allows the electrons react almost instantaneously to
the electric field. Changing the distribution of charge will alter the dipole moment of
a molecule and interactions between the polarization of the incident field can yield
information on a molecules’ orientation. Secondly, the frequency of the field will
determine the average time a torque will be applied to the angular momentum of
the nucleus and the electrons and given enough time the direction, or alignment of
a molecule can be defined. This is the governing principle in the way a microwave
heats water. The frequency of the microwave is low enough that the torque between
nucleus and electrons is given sufficient time to change the orientation of the molecule.
Repeated oscillations and collisions causes dielectric heating and thus the warming
up of food. This can be illustrated by first determining the charge distribution of a
molecule. Which is simply the vectorial sum of the spacial arrangement and number
of charges or,
X
µ̂ =
qj r̂j ,

(4.26)

and the potential energy experienced by a dipole with an an applied field,
e
V (t) = µ̂ · E(t).

(4.27)

The focus of this thesis has been on the molecular nitrogen cation (N+
2 ) and
its first 2 vibrational energy states and the rotational distribution giving a series
of lines. The ground state of of N+
2 is not accessed directly ( about 15.58 ev of
energy is required ) from the 800 nm λ from the pump. Instead, the pool of many
photons and the large electric fields leads to the ejection of an electron for N2 through
multi-photon ionization [57]. The potential energy of diatomic nitrogen is shown in
Fig. 4.4.
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Figure
4.4:
Adapted
from [2] pg 212.
  


4.6.1

Laser Induced Alignment of
Rotating Molecules

Ignoring any resonances, the dipole of a diatomic molecule induced by the traversal
of a rapidly oscillating electric field of a laser is governed by its polarizability α.
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E(t)
y

x
z

Illustration of a molecule orienting along the envelope (time average) of an electric
field oscillation. The inertia of the molecule will not allow it to follow the electric field.
Figure 4.5:

Given the vast disparity in mass of an electron with the nucleus the electrons behave
much differently than the molecule as a whole. Experiments have measured the
inertia response of a molecule on the order of picoseconds and with the electric
oscillations of an incident laser is greater than the inertial response such that the
molecule will follow the envelope of a laser rather than the field see Fig. 4.5 Since
the electrons are much lighter they are more apt to follow the field together with
the distribution of electrons, the polarizability of the molecule is anisotropic with
respect to intermolecular axis such that
∆α = αk − α⊥ .

(4.28)

The polarizability being driven by a pulse with
i(ωt−kz)
e
~ z) = 1 E(t)e
E(t,
2

(4.29)

leads to a time dependent polarization. Recall Eq. (1.2) from ch. 1
n = (1 + χ(1) + χ(3) )1/2

(4.30)
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and with Appx. (ApdxPol) it is shown that the index of refraction can be made
proportional on the angle between the electric field axis and the angle of the intermolecular axis. This is shown from Eqns. 2.44 and 2.45 from [58] with: the density
of particles N, index of refraction n and the angle between the molecule and electric
field θ,


N ∆α
hhcos2 θii −
∆nk =
2n0

N ∆α
hhcos2 θii −
∆n⊥ = −
4n0


1
3

1
3

(4.31)
(4.32)

which is in interesting result when the rotational levels from the previous section are

Arb. Units
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Figure 4.6:
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430

440

Example spectrum of the probe pulse as it is modified near the first half and full

revival

taken into consideration. Consider a distribution of integer rotational frequencies.
At common multiples of time, the molecules will be parallel and since there is no
preferred frame of reference in a gas this parallelism can be at any angle between a
traversing laser pulse. An analogous scenario is a series of metronomes whose beats
per minute are integer multiples of each other, once common near common multiples
of beats they will begin to sync and eventually will no longer tick together. If a
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second probe pulse is sent at some delay after the initial pump pulse, the probe will
experience a change in index of refraction that is dependent on time. In the case of
molecules this common multiple is the called a molecular revival. As delay between
the pump and probe is increased the spectrum of the probe is modified by Eq. 4.31,
it can be perturbed in several ways. It may shift in wavelength, have a change of
bandwidth or amplitude or some combination of all three as is shown in Fig. 4.6.
Incremental the spectra are measured, and integrated the revivals will appear like
the signal that is shown in Figure 4.7. Finally, taking the Fourier transform of
integrated signal results in Figure 4.8 and the recovery of the rotational distribution
with a similar appearance to 4.3 but missing the P Branch. This is the entire premise

Probe Spectrum Integration

to the pump probe experiments that are in the next chapter.

·104
5
4
3
2
1
0

8.38
Wavenumber [ps]

Figure 4.7:

Example of pump probe with molecular revivals.
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Chapter 5
Study of the Emission of N2+
5.1

Introduction

Since no optomechanical device can control the properties of a beam propagating
freely through the atmosphere, the understanding of light matter interaction is an
essential tool to control radiation, intensity and profile of the beam in space. Light
filaments [9,10] contain confined regions of high intensity which can trigger nonlinear
interactions, leading to supercontinuum, terahertz generation, strong field ionization
and stimulated emission. The latter mechanism is of particular interest because it
can lead to forward and backward air lasing [59]. Air lasing in the process of using
the nitrogen in the atmosphere to act as the source of gain for amplification. The
nitrogen is excited by an ultrashort pulse and the signature of lasing is the emission
of N2+ and in particular the light at 391 nm.
Nonlinear light propagation in the atmosphere is of great interest as it can export
the high intensity optical fields from the laboratory to the real world, with applications to remote sensing and atmospheric studies. In this context, the mechanism
of stimulated emission of the molecular nitrogen ion itself is of particular interest.
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Various mechanisms for gain have been proposed; electron re-collision [60], strong
field ionization [61], superradiance [62] and strong field interaction with plasma [63]
with gain observed in laser dressed states [64].

This chapter starts with a brief description of the light-molecule interaction that
is being studied, and a short review of the state of the art literature in Section 5.2.
In Section 5.3 we discuss the physics of our high resolution spectroscopy of the gain
versus time, which will lead us to observe a well defined phase relation between the
transitions. It is suggested that the intricate emission spectrum depends on the phase
and population of the relevant states. The experimental setup for pump-probe spectroscopy of high temporal (14 fs) and spectral resolution is detailed in Section 5.3.1.
Data on the spectroscopic study of the emitted light at 391 nm are presented, illustrating the complex gain mechanisms of the amplified stimulated emission. The
raw data are further dissected in Section 5.3.2. First the gain integrated over all
transitions of the P and R branches is studied as sa function of delay, to provide
a physical insight into the dynamics of seed amplification. It is shown that the oscillations of the integrated P and R emissions are not quite in phase. The time
dependent emission from individually selected rotational lines as a function of seed
delay is investigated next. In particular, seed amplification from a common upper
state B reveals the importance of dynamics in the ground state. Some general features of the time dynamics of the emission are explained by a simulation using the
time dependent Schrödinger equation (subsection 5.3.3).

A qualitative representation of the rotational wavepacket distribution is obtained
through a Fourier transform of the spectral features versus delay in subsection 5.3.4.
From these data it is concluded that the gain is not determined by the population
inversion but by the coherence in the system.
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The high resolution spectra show that the individual lines are Stark shifted, a
Stark shift that decays with the expansion of the plasma (Section5.3.5). Plasma
defocusing effects are discussed in Section 5.3.6. There is a jump in the signal at
the zero delay. This effect is interpreted as being a result of the plasma generating
a shock wave at focusing. Experiments conducted to separate molecular effects from
the electron density effects in a filament are discussed in Section 5.3.7.

High power effects were investigated by performing experiments at 10 Hz with 50
mJ pulses (Section 5.4).

5.2

Putting the work in context

In this chapter, optical gain between electronic transitions in the vibrational ground
states of N+
2 is analyzed with high spectral resolution. The time evolution of the
plasma following an 795 nm pump is indirectly measured by analyzing the stimulated emission driven by an ultrashort delayed broadband seed around 400 nm.
The transitions of interest (first negative band) are between the electronic states of
2 +
B 2 Σ+
g (upper state) and the X Σg (lower state), both in the vibrational ground state

(ν = 0). The gain at the wavelengths corresponding to the transitions between the
rotational levels is observed as a function of delay between the ionizing 800 nm pulse
and the frequency doubled seed whose spectrum overlaps with the transitions. The
delay dependent gain reveals a signature of the rotational wavepacket launched into
the system by the ionizing 800 nm pulse. Lei et. al [65] concluded that inversion is
established between the upper and lower state by comparing the amplitude of the
wavepackets in those states. Other authors [66, 67] highlight the effect of the seed
itself in creating stimulated Raman process in the medium and further modulation
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of the gain. Liu et. al [68] reported that the near -resonant coherent Raman process
provides laser like emissions.

5.3

High resolution spectroscopy of the gain versus time

As all these measurements are either performed in time or frequency, our representation and analysis of the data in both domains provide a complementary picture to
the emission/gain process. In this work, by performing high resolution spectroscopy

Figure 5.1:

Vibrational energy levels

of the gain versus time, we observe a well defined phase relation between the transi-
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tions. The ultrafast probing of the emission between individual ro-vibrational states
suggests that two processes of resonant stimulated Raman scattering and stimulated
gain are working in parallel, resulting in an intricate emission spectrum that depends
on the phase and population of the relevant states. The coherence waveform generated by phase locking of ro-vibrational states in upper and lower state combined
with the population modulation in stimulated Raman scattering result in a transient
gain.
The fluorescence emission of N2+ with a lifetime of 62 ns [69] has been observed
for centuries in Aurora Borealis. Given the vibrational quantum number ν and the
rotational quantum number J, the energy levels can be tabulated through:
1
1
1
E = ωe (ν + ) − Xe ωe (ν + )2 + Ye ωe (ν + )3
2
2
2
2
2
+ Bν J(J + 1) − De J (J + 1) + Te .

(5.1)

The first three terms are vibrational, the fourth and fifth terms are rotational, and the
last term is the energy level of the electronic state for J = 0 and ν = 0. The subscripts
ν and e refer to vibration and equilibrium states. The values for selected levels are
(in cm−1 ) ν 0 = 0, Te = 0, ωe = 2207.00, ωe Xe = 16.10, ωe Ye = -0.040, αe = 0.01881,
Be = 1.93176, De = 6.1 · 10−6 for the X state (ion ground state) and Te = 25461.4,
ωe = 2419.84, ν 00 = 0, ωe Xe = 23.18, ωe Ye = -0.537, αe = 0.024, Be = 2.07456,

De = 6.17 · 10−6 for the B state [3]. Bν is calculated as Bν = Be − αe (ν + 21 ). The
selection rules for transitions between rotational states are ∆J = 0, ±1. Since both
electronic states under consideration are Σ states, ∆J = 0 (Q branch) is forbidden.
The transitions from X to B states proceed along two branches known as P (lower
energy) and R (higher energy) branches. Historically the spectrum was taken for
absorption spectroscopy and the final state is usually referred to as the state with
higher energy, so ∆J = Jupper − Jlower = 1 results in higher energy photons and
∆J = −1 in lower energy ones.
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A non-resonant ultrashort pulse excites the rotational states in neutral and ionized molecules, particularly when the pulse length is much shorter than the characteristic revival time of 1/(2Bc), where B = Bν is the rotational constant for a
particular vibrational state. Such an ultrashort pulse has a spectrum that spans the
full bandwidth of rotational energies in neutral and ionic states. In non-adiabatic
regime of molecular alignment with ultrashort pulses [70], the molecular response
is too slow to follow the rapidly changing potential. The impulse like excitation
imparts a fixed phase relation on the rotational states. All diatomic molecules (including those that are ionized by the high field), are given a torque which, quantum
mechanically, modifies the J distribution through Raman transitions with ∆J = ±2.
Since this Raman excitation proceeds via discretely spaced levels at a well localized
initial time, a “wavepacket” is created [71]. The discrete frequencies separated by
4Bc will “rephase” at time intervals of 1/(2Bc), in analogy to the mode-locking process taking place in an ultrashort pulse laser, where equidistant modes are phased
such that ultrashort pulses are generated at each cavity round trip. The restoration
of wave packets at equal time intervals referred to as “revivals” [72] takes place as
long as the phase coherence is maintained. The change of alignment induced by
linearly polarized light can be simply monitored by hcos2 θ(t)i, where θ is the angle
between the molecular axis and the light polarization, and h i indicates an average
over the ensemble of molecules. For a linearly polarized weak ultrashort probe pulse
propagating through this medium the refractive index is a time dependent quantity
proportional to hcos2 θ(t)i. The carrier frequency of the probe beam is shifted by the

derivative of the phase proportional to d/dthcos2 θ(t)i [73, 74]. The time dependent
index of refraction results in a bandwidth change of the probe, and also divergence of
the seed beam. Also, the time evolution of molecular alignment is monitored through
the transient index of refraction, which causes a shift in the wavelength of the probe
pulse [73, 74].
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5.3.1

Experimental setup

Beam Combiner
800 nm
Nitrogen Cell
Lens

SHG

Beam Splitter

Instruments

400 nm
Delay Stage

Experimental Diagram. SHG is the second harmonic crystal used to frequency
double the 800 nm laser. The beams are combined and focused in to a cell filled with
nitrogen. After the cell the 800 is rejected and the emission and 400 nm light is recorded
Figure 5.2:

A train of 50 fs pulses (FWHM of intensity) at 1 kHz repetition rate, 1.3 mJ
energy each, centered at 795 nm, is generated by a Ti:sapphire oscillator-regenerative
amplifier (Coherent-Hidra). The beam is focused (N.A 0.01) into a meter long cell
filled with nitrogen. A seed pulse is created by frequency doubling a 10% split-off
from the main beam. A dichroic mirror is used to overlap the 795 nm pump beam
with its second harmonic. The 940 µJ pump and 40 nJ seed are focused into a
nitrogen cell with pressures ranging from 100 to 760 Torr. The 795 nm beam ionizes
the medium, while the second harmonic beam is used to seed the X (ν = 0) ←
B (ν = 0) transitions at 391 nm. The delay between seed and pump is stepped with
7 fs increments. At each step the spectrum of the N+
2 emission is measured over
a 4 nm bandwidth with a resolution of 0.2 cm−1 . The intensities at the focus for
those pulses, considering only linear focusing, are 5 × 1015 watt/cm2 for the pump
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and 6 × 1011 watt/cm2 for the seed pulse. Nonlinear focusing and de-focusing of the
light propagating in air limits the intensity of the 795 nm pump pulse in the range of
5×1013 to 1014 watt/cm2 [75]. a 1.6 meter Fastie Ebert spectrometer with reciprocal
line dispersion of 3 Å/mm.
A background image with blocked pump is subtracted from each frame and the
image at each delay is normalized to the fluctuations of the seed at 392 nm far from
the emission lines of N2+ . The spectra are normalized to the seed, which has two
benefits. First it mitigates the impact of noise due to the laser fluctuations. Second,
it reduces the temporal and spatial variations of the seed propagating in a medium
with time dependent index of refraction [73, 74]. Spectral calibration is assured by
comparing each spectrum with that of a nitrogen calibration spectral lamp.

Figure 5.3: a) Energy diagram of the P branch (in red) and the R branch (in blue). The
wavenumbers are indicated on the left scale in cm−1 . The lines are calculated from reference [3]. The transitions are labeled by the rotational quantum number of the upper state.
b) I made edits here. Transitions at times corresponding to multiples of half revivals. Each
rotational line undergoes oscillation with a shorter period that increases with the rotational
number. Note that the emissions in P and R branches is not in phase. This can be seen
by looking at the change of brightness on a vertical line. c) The amplification of the seed
persists for delays up to 150 ps in a cell at atmospheric pressure with a lower gain. At
longer delays the fast modulation on transitions is not visible, only modulation at revivals
are visible.
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The spectrum of N+
2 emission X(ν = 0) ← B(ν = 0) is recorded at each delay
increment, and integrated for one second, which is orders of magnitude longer than
the lifetime of the emission. This results in a series of spectra where each spectrum
is a vertical stripe of pixels in Fig. 5.3(b) and Fig. 5.3(c) as a function of delay. Some
selected rotational energy levels are shown on the Fig. 5.3(a). The collinear pump
and probe are focused through a nitrogen cell at 760 Torr.
The spectrum at each delay is a vertical strip of the image. The integration time
of the spectral recordings is one second, hence orders of magnitude longer than the
lifetime of the emission. The temporal resolution in these measurements is solely
due to the precision in determining the time delay between the center of the pump
and probe ultrashort pulses. It should be noted that no emission is observed in the
absence of seed pulse, which implies that the radiation is associated with a gain
mechanism rather than a spontaneous emission or fluorescence. This confirms also
that there is not enough spectral broadening of the 795 nm pump to create self
seeding.
Each horizontal line in Fig. 5.3(b) shows the time evolution of the emission as a
function of pump-seed delay for individual PJ or RJ transition, with ”J” being the
rotational quantum number of the upper state. All the emissions undergo a strong
intensity modulation at times corresponding to a multiple of half revivals of N2+ .
The exact contribution of B and X wavepacket in the observed modulation in time
will be discussed in the Fourier transform analysis (Fig. 5.6).
Each rotational line is modulated with a period much smaller than the revival
period. This fast modulation (visibly increasing with angular momentum J in the
R branch) is due to stimulated Raman emission that couples a state J to rotational
states spaced by |∆J| = 2 (Fig. 5.3b). The amplification of the seed persists for longer
delays even in a cell at atmospheric pressure, when faster oscillations are not visible
[Fig. 5.3(c)]. The strong modulation at revivals seen as dark and bright vertical lines

75

5.3. HIGH RESOLUTION SPECTROSCOPY OF THE GAIN VERSUS TIME
are recorded for delays up to 150 ps (limited by the range of the translation stage)
[Fig. 5.3(c)].

5.3.2

Analysis and discussion

Figure 5.4: (a) Gain in P and R branches of emission corresponding to integration of all transitions from B to
X states with ∆J = −1 and ∆J = +1 as a function of delay between pump and seed. The figure is another
representation of the measurement given in Fig. 5.3. An inset shows the time evolution between 6 and 10 ps. I
made edits here (b) Time evolution of the gain for R transitions from rotational states of 22, 23 and 24. (c) Time
dependent emission for R24 and P24 that originate from the same upper state. The vertical axis in all the figures
is the ratio of integrated spectrum at time “t” with respect to integrated spectrum on the same region when pump
beam is blocked. The spectral region for integrated is chosen for each graph according to the region of interest (in
figure “a” the integration is over the P and R branch and in “b” and “c” only across the individual line transition.)

The gain integrated over all transitions of the R branch (red) and P branch (blue)
is displayed in Fig. 5.4(a). Such a presentation provides physical insight into the
dynamics of seed amplification. A steep rise of the gain is visible as the seed follows
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the pump laser. The exponential decays are fitted to both P and R emissions [black
lines in Fig. 5.4(a)] as a function of seed delays from zero to 45 ps. Both signals decay
to 1/e of their maximum after 30 ps for nitrogen at 760 Torr (100 ps for nitrogen at
100 Torr).
Both P and R emissions are modulated at revivals and fractional revivals with
the oscillation period increasing at larger time delays and the modulation depth decreasing. The oscillations of the integrated P and R emissions are not quite in phase
as shown in the inset of Fig. 5.4(a). It is a common practice to present the time
dependent gain by integration over groups of transitions, mainly because of limitation in resolving power of the spectrometer [76]. Our spectral resolution enables
us to distinguish the rotational emission lines of the R branch, and some in the P
branch. It is a common practice to present the time dependent gain by integration
over groups of transitions, mainly because of limitation in resolving power of the
spectrometer [76]. Our spectral resolution enables us to distinguish the rotational
emission lines of the R branch, and some in the P branch.It is a common practice
to present the time dependent gain by integration over groups of transitions, mainly
because of limitation in resolving power of the spectrometer [76]. Our spectral resolution enables us to distinguish the rotational emission lines of the R branch, and
some in the P branch.
While one would be tempted to associate the exponential decay seen in Fig. 5.4(a)
with a decay of population inversion [76], the fact that gain is observed up to 150 ps
delay contradicts this interpretation. The gain at R12 in Fig. 5.3(c) is 2% of its
value compared to average gain at delays in Fig. 5.3(b) One might speculate that
decoherence is driven by random local fields due to the plasma environment in which
the molecules — neutral and ionized — move and collide. The optically driven cation
dipoles responsible for emission experience dephasing due to collisions and randomly
varying environmental field. The former are modeled by a phase relaxation time T2 ,
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and the latter by a “cross relaxation time” T3 , a situation well known for dyes in
solution [77].
Figure 5.4(b) and Fig. 5.4(c) show the time dependent emission from individually
selected rotational lines (labeled by the rotational number of the upper state) as a
function of seed delay from the same pump and seed intensity interacting with a
nitrogen cell at 100 Torr. The highest rotational lines visible in the R branch are
selected in Fig. 5.4(b).
A collective emission followed by absorption of the cation molecules, triggered by
the seed, is observed at half revival. This coherence driven gain has been referred to as
superradiance [78] in recent papers [62,65]. The in-phase emission from the adjacent
R lines only lasts for 400 fs. The fast oscillation period decreases with rotational
number. This oscillation, as can be seen in Fig 5.3(b), is no longer visible after the
gain drop to 1/e of its maximum [Fig 5.3(c)], which suggests that the coherence
enhanced gain is lost after a certain delay. The gain at each ro-vibrational transition
depends on the phase of states involved in the stimulated emission. The probability
of emission is proportional to the dipole moment hΨJ,B |µ.e|ΨJ−1,X i, which, for an
R transition from upper state “J”, has a time dependent phase of 2πc[(BB J(J +
1) − BX J(J − 1))]t. If we assume that the ionizing pulse sets the time zero for the
rotational states, each state evolves based on its rotational constant and angular
momentum. The emission stimulated by the seed undergoes maxima and minima
based on the relative phases of the connecting states.
The emission from individual lines at the high energy is presented in [Fig. 5.4(b)],
in which both gain and absorption are realized. Our measurements suggest that the
relative phase between the rotational states has a major role in the amplification
of the seed, dominating any possible contribution from population inversion. The
nearest Raman transitions impart a population modulation upon each state “J” proportional to α exp(2iπcB` (J +2)(J +3)t)+β exp(2iπcB` (J −2)(J −1)t), where α and
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β are probabilities of Raman transitions for ∆J = 2 and ∆J = −2, respectively. The
oscillation frequency on each rotational transitions is increasing with the rotational
state number J as shown in Fig. 5.4(b).

At delays corresponding to fractional revivals both absorption and emission are
observed (e.g at a half revival, the emission is enhanced at 4.2 ps and the absorption
is recorded at 4.32 ps). For other time delays, the emission from rotational lines is
modulated over a zero floor and no absorption is recorded. The observation of absorption on individual emission lines suggests the possibility of coherent population
trapping, in which the wavepacket no longer interacts with light. In this case any
population in the upper state can make transitions to the state orthogonal to the
trapped one [79]. Absorption or gain will be observed depending on the phase of the
ro-vibrational states.

Comparing the seed amplification from a common upper state B reveals the importance of dynamics in the ground state X. In Fig. 5.4(c), the two transitions from
upper state J = 24 to lower state J = 23 and J = 25 result in two distinct lines of
R24 and P24 , respectively. It can be seen that at delays outside of the revival times,
the two lines are 180 degree out of phase, a phase opposition that we attribute to
the stimulated Raman. When the population is transferred by stimulated Raman
from J = 23 to J = 25 in the X state, the transition probability of the R24 line is
enhanced at the expense of lowering the transition probability of the P24 . The nearly
perfect out of phase relation in the emissions observed from the same upper state
suggests that the gain is enhanced by transient inversion due to the phase relation
between the states. Both lines experience synchronized emission and absorption at
times corresponding to alignment and anti-alignment. The in-phase emission is not
perfect for all rotational states as is visually observed by following the brightness of
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a vertical line in Fig. 5.3b. This suggests a role of stimulated Raman in shifting the
wavepacket population in favor of ∆J = 1 or ∆J = −1. The Fourier analysis of
individual emission lines had been discussed in the literature [66, 67]. In this work
we are more interested in the time picture and the phase relation of these emissions.

5.3.3

Simulation

Simulation of the time dependent gain defined as Iout /Iin = exp{−2kLIm[χ(ω)]}
where k is the wave vector, and L the length of the medium. The X(ν=0) and B(ν=0)
states were considered, with J = 0 to J = 20. The states are dipole-coupled by a probe
pulse centered at 391 nm that mixes populations. The emission is calculated from the
induced polarization of the system over a period of 12 ps. The P branch modulation is not
clear due to Moiré effects.

Figure 5.5:

In order to gain a better understanding of the time dynamics of the emission, we
made a simulation using the time dependent Schrödinger equation. In our model two
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electronic levels of N+
2 were considered: X(ν=0) and B(ν=0) with a dipole transition
independent of the rotational states. Rotational states were uniformly populated at
time zero from J=0 to J=20, with their phases set to zero. The populations were
set to P(X) = 0.7 and P(B) = 0.3. A seed pulse with an intensity of 4 × 1010

W/cm2 and a duration of 24 fs caused electric dipole coupling between the states
and redistributed the population, depending on the relative phases of the states.
The total dipole moment of the system versus time was calculated for 12 ps, from
which the linear susceptibility χ(ω) of the medium in the frequency domain was calculated. The gain or loss of the seed spectrum was calculated from the imaginary part
of the susceptibility (Fig. 5.5). The simulation resembles the experimental observation of time dependent gain at each individual transition. The parabolic structure
of spectrum-delay graph replicates the experimental observation in Fig. 5.3(b). The
phase delay between emission lines is also captured in the simulation by following
the brightness in a vertical line of the figure. The simulation shows the modulation
of the gain with stimulated Raman process driven by the seed pulse. Since the simulation is based on unimolecular interaction with light, the collective effect of in-phase
emission at revivals is not observed.

5.3.4

Fourier transform if the emission versus delay

A qualitative representation of the rotational wavepacket distribution is obtained
through a Fourier transform of the emission lines in both P and R sections of the
spectrum. The absolute values of the Fourier transforms of the integrated emission
from the two branches are presented in Fig. 5.6 for the nitrogen cell at 100 Torr. The
Fourier transform of the P (red) and R (blue) branches are presented separately in
two plots with vertical grid lines corresponding to the Raman transitions of ∆J = −2
in the B and X branch. Dashed lines correspond to the upper states with odd
rotational numbers and solid lines correspond to the even states.
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Figure 5.6: The Fourier amplitude of R (top) and P (bottom) branch emissions. The Fourier
transform is plotted on a grid defined by Raman transitions of ∆J = −2 in B and X states.
The distribution of X is shifted to higher rotational states for both cases. The R branch
connects to lower states of X as compared to P. This result is in agreement with exchange
of orbital angular momentum to higher (P) and lower (R) values.

The Fourier transform of the emission is well aligned with the grid of the Raman
transitions from cations. The spin statistics of nitrogen leads to having the population ratio of two to one between even and odd states of the thermal sample, which
does not hold for the stimulated emission [80]. The Fourier transform reveals the
signature of the wavepacket in both B and X states, with a distinct shift in distribution. The distribution is shifted to the higher rotational states in the ground state
as compared to the excited state. This can be visualized by comparing the Fourier
transform component of adjacent rotational lines in B and X. For transitions from
lower rotational numbers the amplitude of B is higher than X. This trend is reversed
for rotational states higher than 10 in the R branch and higher than 12 in the P
branch. For example, the ratio of B to X contribution at rotational number 6 in
the R branch is 3/2, while at rotational number 14 the same ratio is 2/3 in the R
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branch emission. The shift in distribution had been explored by Azarm et al. [80] by
comparing stimulated and spontaneous emission.
The shift in the wavepacket distribution in B and X states suggests that the two
states have different interaction with ultrashort pulses. Both distributions are shifted
to higher rotational numbers than a thermal distribution [81], with X state occupying
the highest rotational numbers. By comparing the Fourier amplitude of B and X in
lower rotational states one might conclude that the B state has a higher population
that the X state, hence the stimulated emission would be governed by a traditional
population inversion. Gain is observed for all the rotational states contributing in
the observed Raman process of Fig. 5.6, independently of the ratio of B/X. We
conclude therefore that the gain is not determined by the population inversion but
by the coherence in the system. This coherence has been referred to as lasing without
inversion [82, 83]. This gain could be further tailored by engineering the wavepacket
in the system with a two pulse alignment [84] or a chirped seed counteracting the
chirp in the level spacing of the rotational levels.

5.3.5

Stark Shift

One unique observation is the reason for the need for an increase in spectral resolution
and what lead to having to build the HB1600 spectrometer. With the HR640, it
appeared that the lines were shifted but the resolution of the spectrometer was too
low. With the HB1600 and using a nitrogen lamp for calibration the red shift of the
lines was verified. On the bottom half of Fig. 5.7 the shift of the peak of line R(12)
is plotted as a function of delay. The first thing to note is that the shift follows the
decay which is in the top half of the figure. An exponential decay of about 40 p sec
was fit to the curve. This shift of 15 pm (∼1 cm−1 ) corresponds to the field across
the diameter of the filament as it expands.
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Gain on R(12)
τ = 50 ps

Red shift of R(12)

Figure showing the stark shift following the decay of the gain on R(12). Top
figure is the gain of R(12) as a function of delay. The bottom figure is the red shift of
R(12) as a function of delay.

Figure 5.7:

5.3.6

Plasma Defocusing

During the pump probe measurements, it was observed that the rotational line emissions were not constant. Just looking at the FFT, (see Section 5.3.4) does not capture
the modulation of the rotational lines. In Fig. 5.8 there is a jump in the signal at
the zero delay. Equation (4.31) for the change in index does not account for this
jump. Several experiments were conducted to determine if the jump was an artifact
of the equipment or if it was real. The signal in Fig. 5.8 was obtained with a 40
cm focal length lens. The jump could have been a result of the plasma generating
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Figure 5.8:
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The vertical jump in the signal from around 4 to 2 is not predicted in the revival

model.

a shock wave at focusing. If the laser is focused outside the gas cell, a very audible
sound can be heard indicative of a rarefaction from a shock wave. What the shift
is signaling is modulation of the probe pulse in the form of reduced intensity. This
reduction in happens after the zero delay and is being absorbed by nitrogen. The
lens was changed to 1 meter focal length and the experiments were repeated with
the same energy. However, the repetition rate of the laser was varied from 1 kHz
to 50 Hz. The repetition rate a some large effect on the shift in the signal, but not
in the way that would be expected if the shift was due to percussion. If the shift
was entirely due to the rarefaction when the pump pulse is focused, then it would
decrease at lower repetition rates. What is observed is the peak of the shift happens
at intermediate repetition rates, with maximum shift occurring at 250 and 200 Hz.
This was the limit of these experiments though. A longer focal length lens might
be able to make this determination but the power of the laser would not permit it.
Going to a longer focal length would require
more energy to create filaments. A final
1
observation for this experiment is the modulation at the revivals is more pronounced
and spans a longer time range. This modulation almost connects each revival and
may even show a 1/8th revival. Changing the lens back to 40 cm, the experiment

85

5.3. HIGH RESOLUTION SPECTROSCOPY OF THE GAIN VERSUS TIME

60000
50000
40000
30000
20000
10000
0
0.00

20.00

40.00

60.00

80.00

100.00

120.00

140.00

160.00

Picoseconds
60000
50000
40000
30000
20000
10000
0
0.00

2.10

4.20

6.30

8.40

10.50

Picoseconds
Sum 1150 mw

Sum 150 mw

Sum 300 mw

Sum 605 mw

Figure 5.9: The top figure shows the full power scan and the decay in the shift after 140 ps.
The bottom figure shows the power dependent shift. The Y axis is the integrated signal of
the probe spectrum.

was repeated with the laser power varied from full power of 1150 mW down to 150
mW. In Fig. 5.9The power at 300 mW the laser is not powerful enough to create
filaments but there is still sufficient power to observe the revivals. This is also true
for the 150 mW of power but the SNR is not as high as the rest of the experiment.
Also is the revival signal is the most at 650 mW. It is more symmetric at the revivals
and it becomes asymmetric at full power. These experiments show that there are 2
different effects working simultaneously, and in the next section the rotational lines
are shown to be modulated at the times of the revivals.
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Signal shift function as a repetition rate. The Y axis is the integrated signal of
the probe spectrum.
Figure 5.10:

One series of experiments not shown, was to eliminate the possibility of a hardware issue. The translation stage could have been misaligned or could have had some
mechanical failure in this region. In order to check for this, a series of measurements
were taken at 1 kHz and placing one to several 1mm thick glass slides in the path
of the probe. This had the effect of increasing the optical path of the probe beam
without changing anything. What was finally observed was the shift happens at the
corresponding zero delay with each additional slide.
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Revivals with the addition of Ar. The Y axis is the integrated signal of the probe
spectrum. The ratios range from 0 Ar, 1 to 1, 1 to 2 and 1 to 6. The additional argon
decreased the revival signal as well as increased the shift.
Figure 5.11:

5.3.7

Modulated Rotational lines

While it is possible to recover the time average of the rotational distribution, it is
possible to measure the rotational spectra directly for each time step. This section
looks at the spectrum with the introduction of argon in to the nitrogen cell. The
ionization potential is close to nitrogen but since it is a monoatomic species there
can be no rotational spectra due to spherical symmetry. This would separate any
molecular effects from the electron density in a filament. The argon would then be
a control for filament pumping of nitrogen, whether it is due to molecular alignment
or molecular Kerr effect. The next series of experiments looks at these effects. The
cell was filled with 100 Torr of nitrogen and the laser was focused at full power with
a 40 cm focal length lens. The revival signal is shown in Fig. 5.11 and shows the
shift becoming more pronounced with the addition of Ar. The shift is present with
pure nitrogen an as the pressure of argon is increased so does the shift. From the
discussion above, it now that the electron density does play a role in this shift.
Before the data is presented on the modulation of the rotational lines, a short
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The figure shows the spectrum of molecular nitrogen superimposed on the 2d
plots below. The vertical axis is the rotational lines with the horizontal axis time. The
axes are removed for clarity.

Figure 5.12:

explanation is needed. In Fig. 5.12 the rotational spectrum is overlaid onto the plot
of some data. The horizontal lines are showing the amplitude of each rotational line
at every time interval during the scan. Drawing a vertical line along the x axis shows
the rotational spectrum with the amplitude presented as color at each time step in
the measurement.
The modulation of the rotational lines is shown in Fig. 5.13 and Fig. 5.14 show
that the addition of Ar does not affect the rotational energy distribution. Ar did
have one noticeable affect, the plasma generated at the zero delay. At the zero delay
the increase in electron density shows up as the bright vertical line that spans the
whole figure. This continuum is from the increase in white light generated from the
filament.
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Spectrum of nitrogen with the addition of Ar. Top figure does not contain Ar,
and the bottom is with 100 Torr Ar.
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Figure 5.14: Spectrum of nitrogen with the addition of Ar. Top figure has an addtion of 200
Torr of Ar and the bottom has 600 Torr of Ar.
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5.4

10 hz Experiments

The laser was used at 10 hz with a max energy of 50 mJ and pulse width 50 fs for a
peak power of 1 terawatt. The experimental setup is straight forward, with the laser
focused into a sealed vacuum chamber and filled with a nitrogen, see Fig. 5.15. A
800 nm
Nitrogen Cell

Spectrometer

Lens
Figure 5.15:

10 hz experimental setup.

series of 10 HZ studies without the pump probe scanning was done with a nitrogen
it was decided that since the scan times would be 10 times as long that the pump
probe portion technique would be dropped. The beam was input directly into the gas
chamber and different gasses and pressures were studied. During this study, some
observations with what appeared to be the rotational lines showing self-absorption
and broadening and possible shifting.
The heart of the issue was trying to identify some of the higher J spectral lines.
Early on, the molecular constants for the molecular nitrogen on the NIST website
were used to calculate the line positions. This led to confusion when trying to identify
lines, or the source for spectral lines. The literature typically gives the equilibrium
constants and the B values are calculated for the desired vibrational level ν or


1
+ ...
(5.2)
Bν = Be − αe ν +
2
The values calculated from NIST [85] yield 2.06256 and 1.92236 for the upper and
lower state B. The simulation software that is used in this thesis is PGOPHER [56]
and a simulation using the NIST values is plotted against an N2 spectral lamp in
Fig. 5.16. From the Fig. 5.16 it is clear that the calculated constants used from NIST
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doesn’t match what was measured with a N2 spectral lamp. The N2 calibration lamp
was not used at first because it was initially thought that distribution of rotational
lines would follow the typical pattern shown like the one in Fig. 5.16 ( or one with
a different rotation distribution) but there were some spectral measurements like in
the figure below which do not follow anything reported thus far. The figure will be
explained in detail in a later section. When compared to the N2 lamp, the 2 groups
of lines do not appear to correspond the B-X transition. Papers published [4] after
the source for the NIST values yield a vastly better simulation as in figure 5.17.
Values used from the paper improved fits are much better, but the peaks are
not quite lined up around the 25800 cm−1 . What is not exactly clear is if the shift
is from the 1 to 1 vibrational level or if these peaks are very high J’s from the
0-0 levels. Two papers list B values that are measured directly from the spectra
2.07461 [3] and 1.92229 [86] and when these values are used for the simulation and
plotted against the calibration lamp it matches the peaks much better as shown
below. The temperature of the lamp is not sufficient to cover the same span as the
simulation, which is why careful consideration of the B values have to be understood
first. This became important because it is not clear if the rotational lines do not
match because they are at very high rotational levels or if they are actually from
a different vibrational transition. The graph below are a comparison between the
calculated and the experimentally derived values for B. Comparison of the B values
from both sources. Only at high J values (setting the temperature to values ∼1000 K
to generate the high rotational levels) does the difference become noticeable and the
experimentally derived values are used for the rest of this thesis. In [87] the authors
observed lines in this range and since the lines do not match the reference lamp,
it was the best option available. After simulating the spectra using the constants
from [87] the lines were not a match either. Since the lines where not a part of this
system and the lines look like they could be equally spaced, they were check to see
if they were Raman lines.
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In Fig. 5.19 the two groups of lines do not look as if they are from either branch
and is the reason to pin down the exact B values above. This figure shows something
that looks like they could be equally space lines which would be due to Raman
scattering. The 2 sets of lines would then be different vibrational levels, but to be
sure they were indeed Raman lines, a simple table with the line positions and line
difference are in table 5.1. It shows that these are not Raman because the change
in line position would be 4 times the rotational constant or 4B. As it turns out,
Line positions and the corresponding difference between lines. Raman lines the ∆
is constant and the ∆/4 returns the rotational constant B

Table 5.1:

Line cm−1
25 546.7
25 551.62
25 557.81
25 565.1
25 573.65
25 583.4

∆
4.92
6.188
7.292
8.55
9.75

∆/4
1.23
1.547
1.822
2.1375
2.4375

Line cm−1
25 696.56
25 717
25 738.2
25 761
25 784.9
25 809.8
25 835.9

∆
20.436 04
21.2
22.8
23.9
24.9
26.1

∆/4
5.109 011
5.3
5.7
5.975
6.225
6.525

eliminating Raman emission as the source the discussion for the B values above is
now made clear. A simulation using PGOPHER and using a custom population
and the experimentally derived B values was created and comparted to the emission
lines. Aside from the intensities not matching, the line positions are a match. The
same molecular constants were used that matched the calibration lamp but a couple
of parameters were changed. One was the nuclear spin which is responsible for the
variation in intensity, which is shown with the 2:1 intensity ratio. Here it was changed
so that every other line is suppressed. The other change was the central value for
J and an envelope to try to approximate the intensity profile of each group of lines.
The J’s for the lines are 18 through 28. Using the custom population and an envelope
both sets of lines appeared as they would if they were part of the same system and
match what is observed.
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Figure 5.20: Spectrum of Nitrogen at 200 Torr. The top figure shows the entire spectrum and
the bottom shows the shifting of the peak
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Spectrum of Nitrogen at 100 Torr. The top figure shows the entire spectrum and
the bottom shows the shifting of the peak
Figure 5.21:

97

5.4. 10 HZ EXPERIMENTS

5 Torr
29.48 mJ

70000

26.68 mJ

18.9 mJ

60000
50000
40000
30000
20000
10000
0
25525

25575

25625

25675

25725

25775

cm-1

5 Torr
29.48 mJ

26.68 mJ

P(J) ≤ 13

18.9 mJ

P(J) ≥ 14

80000
70000
60000
50000
40000
30000
20000
10000
0
25525

25530

25535

25540

25545

25550
cm-1

25555

25560

25565

25570

25575

Spectrum of Nitrogen at 5 Torr. The top figure shows the entire spectrum and
the bottom shows little to no shifting of the peak
Figure 5.22:
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5.4.1

Self absorption & Broadening

At 200 Torr, Fig. 5.20 the two branch heads of the ν 0-0 and 1-1 vibrational transitions are visible as the peaks at the edges in the top half of the figure. The ν 1-1
rotational lines of the P branch are only visible with the R branch lines much to
weak to be seen. Also, the R branch of the 0-0 transition the (391.4 nm family of
lines) are not as intense as the branch head and appear more like the spectrum in
figure 5.18. The P branch is built up on several overlapping lines and is the reason
the amplitude of the P and R branch are so different. The energies in this figure do
not seem to influence the emission spectra very much which is not the case for the
next series.
Lowering the pressure to 100 Torr Fig. 5.21 the spectra are normalized to peak in
the P branch. This was done to illustrate that the R branch emissions are equal to
or greater than the P branch lines. This is showing either gain in the R branch, or
absorption in the P branch. Another observation is that the peak in the P branch is
blue shifted, with the vertical dotted and dashed lines denoting the most blue lines
that are possible from the ν 0-0 level.
The shape of the P branch arises from the 2nd order BJ(J + 1) term, and for N2+
the P branch lines start by building in intensity in the blue direction. The most blue
line is P(13) (25539.78 cm−1 ) and the P branch lines start to building towards the
R branch. This is the cause for the P branch being brighter than the R branch, The
first 25 P branch lines ranging from 25562 to 25539 cm−1 are on top of each other.
Any light bluer than P(13) cannot be from N2+ . The P branch essentially missing
which suggest that the lines are being absorbed.
The peaks are a greater proportion at lower energy, suggesting that there is
more absorption of the P branch at higher energies. Lowering the pressure was
unsuccessful in teasing out the transition and the emission spectra returned to a
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more typical pattern in figure 5.22 .
In Figs. 5.23 - 5.25 the lines 12, 14 and 16 are plotted at 2 fixed energy as a
function of pressure. At 5 Torr the lines are centered with their calculated position.
As the pressure is increased, the lines are broadened by as much as ± 3 cm−1 . At
the lowest pressures, the lines are red shifted by a small amount. As the pressure
increases dips appear in the lines as they are self absorbed. Increasing the pressure
further the dips go away but the lines are broadened.
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5.5

Conclusion

We have performed high resolution spectroscopy of N+
2 emission X(ν = 0) ← B(ν =
0) in a pump-seed setup, using ultrashort pulses. By careful measurements of the time
dependent emission from well identified rotational lines, we observe the coherence
involved in obtaining gain from nitrogen molecular ions created by ultrashort high
energy laser pulses. Our study suggests that the transition between high gain and
low gain, in pump seed studies, could be due to a loss of coherence in the system.
This loss of coherence can be due either to collisions, or to the varying field evolution
as the electrons and ions evolve towards a steady state plasma [88].The gain survives
for up to 150 ps (even at atmospheric pressure) when the phase relation between
individual emissions is lost. Resonant stimulated Raman scattering is responsible for
the transients of the gain in the medium. When the phase of the levels is preserved
this gain is further enhanced by coherence in the system. This effect is further
enhanced at times corresponding to the rotational revival of the molecules, in which
various rotational states are in phase. Our study suggests that coherent control of
the rotational states in the molecular ion may result in control of the brightness of
such emissions.
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Conclusion
Several experiments are discussed in this thesis. First a streak camera enabled the
recording of a motion picture of the plasma emission at various wavelengths. This
technique the length, speed and lifetime of plasma created with a variety of focusing geometries were made possible with the aerodynamic window. The elimination
of nonlinear distortion leading to the precise determination of the starting point of
the filament was the driver of successful imaging. These data showed for the first
time that the emission is delayed by tens of ps with respect to the excitation, an
observation confirmed by later experiments. Using high precision and high resolution spectrometers (one of which was built by the author) direct observation of two
symbiotic gain mechanisms in lasing in air shows that this is a lasing process that
occurs without a population inversion. This is evidenced by the gain of individual
rotational lines (J dependence) as a function of delay. There is a fast modulation
and decay observed that is different for each J. The overall emission of the 391 nm
system is much longer than what it would be if it were due to population inversion.
Self absorption and self broadening were observed on all rotational lines, dependent
on the particular rotational J line number. It was also shown that at intermediate
powers the emission from the N2+ lines was absent, unless a secondary pulse was sent
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through the medium. This is a clear proof that we are observing gain, as opposed to
spontaneous emission. At the highest power available with the laser, self seeding of
that gain was observed. That is, the ion emission from N2+ was observed.
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Future Work
A follow-on work on the imaging filament plasma characteristics using a streak camera would involve redesigning the aerodynamic window such that the origin (starting
point) of the filaments could be imaged. As it stands now, the top plate of the aerodynamic window is solid aluminum and it is not possible to see what is occurring
in the supersonic air flow. Other experiments would be to use filters and possible
a monochromator to visualize the multiphoton ionization, dissociation, excitation,
decay and the evolution of the plasma created in the wake of an ultrafast electric
field.
Other spectroscopic studies on lasing in air would be to use a spectrometer like the
Demon with its much greater spectral resolution, but one that has a larger spectral
range. This would allow a better comparison between the P and R branch because
the P branch lines are stacked on top of each other. One possible experiment would
be to pick certain line in P and utilize a scanning Fabry-Perot or etalon to resolve a
line or lines in the branch head.
Other experiments to attempt would require higher repetition rates or more energy because at 10 mJ or higher self seeding is possible and a pump probe experiment
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might shed more insights on the gain mechanism in air lasing. In the pump probe
experiments the second harmonic is generated from the pump beam. The ability to
individually tune either wavelength so that the air lasing could be optimized would
be a productive step in being able to control this process. Coupled with higher energies, higher repetitions rates and using separate lasers for the pump and probe would
be the way forward to the implementation of using air lasing for remote sensing.
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Electromagnetic Propagation
The propagation of electromagnetic waves are described by Maxwell’s equations,
~ =0
∇·B
~ = ρ
∇·E
ε0

(A.1a)
(A.1b)

~
~ = µ0 ε0 ∂ E + µ0 J~
∇×B
∂t
~
∂
B
~ =−
∇×E
∂t

(A.1c)
(A.1d)

which describe the microscopic behavior of a time varying electric and magnetic field
in empty space. The most interesting effects Maxwell’s equations arise when the
fields interact with matter and substitute the material response,
ε(ω)
ε0
µ(ω)
µr =
µ0
εr =

(A.2a)
(A.2b)

~ = µr µ0 B
~
H

(A.2c)

~ = εr ε0 E
~
D

(A.2d)
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and rearrange Eq. (A.1a-d) into a more usable form which becomes,
~ =0
∇·B

(A.3a)

~ =ρ
∇·D

(A.3b)

~
~ = ∂ D + J~
∇×H
∂t
~
~ = − ∂B
∇×E
∂t

(A.3c)
(A.3d)

For now, assume that there are no free charges and any currents are zero, and with
~ = ∇(∇ · A)
~ − ∇2 A
~ to Eq. A.3c
the application of the vector identity ∇ × (∇ × A)
and A.3d,
~
1 ∂ 2E
~ =0
− ∇2 E
2
2
vp ∂t
~
1 ∂ 2B
~ =0
− ∇2 B
2
2
vp ∂t

(A.4a)
(A.4b)

where the phase velocity of a propagating electromagnetic wave
υp =

ω
2πf
1
=
=√
k
k
µ 0 µ r ε0 εr

(A.5)

and
k=

2π
2πf
ω
=
=
λ
υp
υp

(A.6)

is dependent on the frequency of wave. In a nonlinear regime, a pulse of light
experiences a distortion in its spectral and temporal shape as it propagates. A
Taylor series expansion of k in terms of ω at the center frequency of the pulse yields,
∂k
1 ∂ 2k
1 ∂ 3k
2
k (ω) = k0 +
(ω − ω0 ) +
(ω − ω0 ) +
(ω − ω0 )3 + ...
2
3
∂ω
2 ∂ω
6 ∂ω

(A.7)

where,
∂k
∂ω
∂ 2k
∂ω 2
∂ 3k
∂ω 3

(A.8a)
(A.8b)
(A.8c)
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Eq. (A.8a-c) is inverse of the group velocity, the group delay dispersion and the third
order dispersion [16] respectively. is related to the physical constants ε0 and µ0 .

111

Appendix A. Electromagnetic Propagation

112

Appendix B
Polarization
The velocity of light in a transparent medium is a result of the interaction of the
medium’s electrons and with the incident photons. When a transient electric field
propagates through a material the bound electrons are displaced as induced dipoles.
The total field in such a case is the sum of the applied field and the resultant induced
field in the material. We can rewrite Eq. (A.2a) as εr = χe + 1 modifying Eq. (A.2d)
to reflect both of these fields resulting in the formulation of the electric displacement
field,
~ = εr ε0 E
~ = ε0 (χe + 1)E
~ = ε0 E
~ + P~
D

(B.1)

The ratio of the applied electric field to the induced dipole moment of an isotropic
material is described by,
~
p~ = αE

(B.2)

where α is the molecular polarizability. In general α has the form,


αxx αxy αxz




α = αyx αyy αyz 


αzx αzy αzz
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with the off diagonal elements equal to zero when the dipole response is symmetric
in all directions.
When the molecular polarizability is extended to the bulk properties of a material
the polarization changes in an infinitesimal volume
d~p
P~ =
dV

(B.4)

or the polarization per unit volume. Furthermore, the polarization arises as the
ensemble average of the induced dipoles in proportion to an applied field. The
electric susceptibility, χe is then proportional to the number density N and α
χe ∝ N α.

(B.5)

In isotropic materials, the electric polarization density has symmetry that allows the
~ and this reaction is
dipoles to be induced in the same direction of the applied E
described,
~
P~ = ε0 χe E.

(B.6)

~ then the
For anisotropic materials χe is not in alignment with the direction of E
polarization density response becomes
P~i = ε0

3
X

~j.
χij E

(B.7)

j=1

A time dependent electric field induces electronic oscillations resulting in a time
varying polarization of the material. The polarization of the media cannot, in general,
~ applied at time t0 to the delayed
respond instantaneously. As such, the time from E
response at t, the polarization becomes a convolution of χe ∆t with χe = 0 at ∆t =
~
t − t0 < 0 and E,
P~ (t) = ε0

Z∞

−∞

~ 0 ) dt.
χe (t − t0 )E(t

(B.8)
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If the application of an electric field is shorter than the response time of χe
P~ (t) = ε0

Z∞

−∞

~ 0 ) dt
δ(t − t0 )χe E(t

(B.9)

Using the properties of Green’s functions and taking the Fourier transform on Eq.
B.9 yields a dispersion relationship of the polarizability
~
P~ (ω) = ε0 χe (ω)E(ω).

(B.10)

Large electric fields can cause the material response to saturate in a nonlinear fashion
as the electronic interaction with its neighbors is no longer negligible. This leads to
a distortion in the polarization fields and becomes apparent with a power series
expansion of the polarization density
P~ = P~0 +
ε0

3
X

(B.11a)

(1) ~
χij E
j+

(B.11b)

j=1

ε0

3 X
3
X

(2)

~jE
~k +
χijk E

(B.11c)

j=1 k=1

ε0

3 X
3 X
3
X

(3) ~ ~ ~
χijkl E
k Ek El +...

(B.11d)

j=1 k=1 l=1

P~0 = 0 in Eq. (B.11a) except in the case of ferroelectric material. The second
order χ term in Eq. (B.11c) is responsible for optical rectification, second harmonic
generation, while third order χ term in Eq. (B.11d) give rise to third harmonic
generation and intensity dependent index of refraction or the Kerr effect [16].
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